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Introduction. 

This Memoir is divided into three Parts : Part I. treats of systems of circles in one 
plane ; Part II. treats of systems of circles on the surface of a sphere ; and Part III. 
of systems of spheres ; the method of treatment being that indicated in two papers 
among Clifford's 'Mathematical Papers/ viz,, " On. Power-Coordinates" (pp. 546-555) 
and " On the Powers of Spheres" (pp. 332-336). These two papers probably contain 
the notes of a paper which was read by Clifford to the London Mathematical Society, 
Feb. 27, 1868, " On Circles and Spheres," which was not published (' Lond. Math. Soc. 
Proc./ vol. 2, p. 61). The method of treatment indicated in these papers of Clifford's 
was successfully applied by the author to prove some theorems given by him in a paper 
"On the Properties of a Triangle formed by Coplanar Circles " (1885) ('Quarterly 
Journal of Mathematics/ vol. 21), and then to the extension of those theorems to 
the case of spheres. But as Clifford's papers contained some suggestions as to 
the application of the same method to the treatment of Bi-circular Quartics, he was 
induced to develop these ideas and extend the results to the case of the analogous 
curves on spheres — called by Professor Cayley Spheri-quadrics— -and also of cyclides. 
It is impossible to say whether, if at all, Clifford was indebted to Darboux for any 
of the ideas contained in the two papers cited above ; but it is noticeable that they 
coincide in a great measure with those expressed by Darboux in several papers 
published during the years 1869-1872. 

In Part I. (§§ 1-124) of this Memoir a general relation is first shown to subsist 
between the powers of any two groups of five circles ; the definition of the power of 
two circles, as the extension of Steineb/s u power of a point and a circle/' being due 
to Darboux, but the definition is here slightly modified so as to include the case 
when the radius of either (or each) circle is infinite. In Chapter II. an extension of 
the definition so as to apply to a certain system of conies is given ; this is practically 
adapted from Chapter II. in Professor Casey's Memoir " On Bicircular Quartics " 
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(1867) ('Irish. Acad, Trans,/ vol 24). In Chapter III. the general theorem Is applied to 
several interesting cases of circles ; some of the results of this chapter are believed to 
he new. In Chapter IV. the problem of drawing a circle to cut three given circles at 
given angles is considered, and the circles connected with, a triangle formed by three 
circles, which, are analogous to the circumcircle, the inscribed and escribed, and the 
nine-points circle of an ordinary triangle are discussed. The results are the same, 
with one or two exceptions which may be new, as arrived at, but in a different 
manner, in the paper by the author in the 6 Quarterly Journal' (vol 21). In 
Chapter V, the power-coordinates of a point (or circle) are defined, and the equations 
of circles, &c, discussed ; and it is shown that there are two simple coordinate systems 
of reference ; one consisting of four orthogonal circles, mentioned by Clifford (Casey 
and Darbotjx consider five orthogonal spheres), the other consisting of two orthogonal 
circles and their two points of intersection, which seems to have been Indicated for the 
first time by Mr. Homersham Cox In a paper " On Systems of Circles and Bicircular 
Quarries" ('Quarterly Journal/ vol. 19, 1883). In Chapter VI. the general equa- 
tion of the second degree in power-coordinates is discussed, and in Chapter VIL 
Bi- circular Quarries are classified according to the number of principal circles which 
they possess. In Chapter VIII. the connexion between Bi-circular Quarries and their 
focal conies is briefly indicated, the circle of curvature is found, and an expression 
for the radius of curvature at any point of a bi-circular quartic Is investigated. In 
these last three chapters the results are probably all old, but as the method employed 
is different from any previously used to discuss these curves in detail, it may not be 
without interest. 

In Part II. (§§ 125-198) almost all the results given in Part I, are extended, with 
occasionally some slight modifications, to the case of small circles on a sphere and 
spheri-quadrics. 

In Part III. (§§ 199-287) the same order is followed as in Part L; most of the 
results in Chapter IIP, Part L, are extended to the analogous systems of spheres. 
In Chapter III, however, It Is shown that though there Is a group of spheres 
corresponding to the circum-sphere of a tetrahedron, and though several analogous 
theorems are true for what correspond to the inscribed and escribed spheres, yet there 
Is no analogy to Fetterbach's theorem. Chapter IV. corresponds exactly to 
Chapter V. in Part I., and in Chapter V the general equation of the second degree in 
power-coordinates is shown to represent a cycllde, and the equation is discussed in the 
same manner as In Part I., Chapter VI. The reduction, however, of the general 
equation to its simplest form presents some difficulty. In Chapter VI, eyelid es are 
briefly classified in the order in which they present themselves In reducing the general 
equation, and in Chapter VII. a few miscellaneous propositions are discussed, as, for 
instance, the determination of the locus of the centres of the bitangent spheres, i.e., 
the Focal Quadrics. 

It may be convenient to state here the Memoirs consulted : — 
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Casey. 

" On Bicircular Quartics " (1867), c Irish Acad. Trans./ vol. 24. 
" On Cyclides and Sphero-Quartics " (1871), ' Phil. Trans./ vol. 161, pp. 585-721. 
Cliffgkx>. # 

" On the Powers of Spheres" (1868), ' Mathematical Papers. 9 1882. Pp. 332-336. 
"Of Power-Coordinates in general" (1866), 'Mathematical Papers/ 1882. 
(Appendix.) Pp. 546-555. 
Cox, H. " On Systems of Circles and Bicircular Quartics/' e Quart. Journ. Math./ 

vol. 19, 1883, pp. 74-124. 
Darboux. 

" Sur les Relations entre les groupes de Points, de Cercles et de Spheres dans le 
plan et dans Tespace," e Annales de TEcole Normale Superieure/ vol. 1, 1872, 
pp. 323-392. 
' Sur une Classe remarquable de Courbes et de Surfaces Algebriques/ Paris, 1873. 
Salmon. 

' Higher Plane Curves/ 3rd edition, 1879, pp. 240-253. 

' Geometry of Three Dimensions/ 4th edition, 1882, pp. 527-536. 



PART I.— SYSTEMS OP CIRCLES m ONE PLANE. 

Chapter I.— General Systems of Circles. 

Definitions. §§ 1-5. 

1. The poiver of two circles (or of one circle with respect to the other) is the square 
of the distance between the centres of the circles, less the sum of the squares of their 
radii. 

Thus denoting the power of two circles whose radii are r l5 r 2 by tt 1)2 : if d h2 be the 
distance between their centres, we have 

or if a) 1)3 be the angle at which the circles intersect we have 

^i,a=2r 1 r a cosfti lia . 

2. If one of the circles reduces to a point, then the power becomes equal to the square 
of the tangent from the point to the circle. In this case the definition agrees with 
Steiner/s definition of the power of a point with respect to a circle (' Crelle, Journ. 
Math./ vol. 1, 1826, p. 164). The use of the word power is of great antiquity — the area 

[ # The probable date of these papers is given as 1866 and 1868 respectively. Gf. Preface to * Math. 
Papers,' pp. xxi, xxii ; and also note on page 332. — October, 1886.] 
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of the parallelogram formed by joining the points, in which two parallel tangents to a 
hyperbola meet the asymptotes, was called the " Power of the Hyperbola" — -and the 
name was borrowed by Steiner, in the paper quoted above, which was written in 1826, 
to express the constant rectangle of the segments of any chord of a circle through a 
point, and this rectangle he called the power of the point with respect to the circle. 
Steineh also extended his definition thus : if be one of the centres of similitude of 
two circles whose centres are A, B : and if a chord through O cut the circles in P and 
Q respectively, but so that AP, BQ are not parallel, then he proposed to call the 
rectangle OP, OQ the power of the two circles with respect to O. 

Darboux seems to have been the first to give the definition of the power of two 
circles, as used in this memoir, in a paper written in 1872 and published in the 
'Annales do TEcole Normale Buperieure/ vol 1. Clifford also gives the same 
definition in a paper, the probable date of which is said to be 1866, given in the 
Appendix to his 'Mathematical Papers 7 (1882); but the paper itself does not seem 
to have ever been published* 

Mr. Homeesham Cox, in a paper published in the 'Quarterly Journal of Mathe- 
matics ? (vol 19, 1883), has shown that the power of two circles may also be defined 
as the product of two circles, 

8. If the equations of two circles be 

# 2 +y a +2# 1 a5+2/ 1 y+0i==O> . . . . . . . . (l) 

we have 

^h%— G i+ c 2^%9ifh^ c ¥iA> • * • - * * • • • ( 3 ) 

4. It will be convenient to define the power of a straight line and a circle as twice 
the perpendicular from the centre of the circle on the line ; and the power of two 
straight lines as twice the cosine of the angle between them. # 

Thus the power of (1) and the straight line 

— 2x cos a — 2y sin <x+2p=0, (4) 

is given by 

7r=2jp + 2#] cos a+2/isin a. ........ (5) 

Thus regarding (4) as a degenerate form of (2), (5) may be considered as a particular 
case of (3). 

[* We can easily show that these definitions are included in that given in § 1. Thus, considering a 
straight line as a circle of infinite radius, B say, the power of a circle, radius r, with respect to it 
= (jp + JK) 2 — r 3 — i^=2pJS, in the limit, _p being the perpendicular from the centre of the circle on the 
straight line. Similarly the power of two straight lines, inclined at an angle w, =2E 3 cosw. Conse- 
quently, as we are going to deduce our results from a certain symmetrical determinant, we may ignore 
these factors lu, JB 3 , and define these powers as in § 4 — 22nd October, 1886.] 
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Again, the power of (4) and 

— 2x cos /3— 2y sin /3+2g=0, 
is given by 

tt= — 2 cos /3 (a— -/3)= — -2 cos a cos /3— 2 sin a sin /3 ; 

which may also be considered as a particular case of (3). 
The equation to the line at infinity may be written 

0x+0y+l = 0. 
Hence, denoting this line by the symbol #, we shall have 

ir^ x z=.\ 9 if x denote any circle, or point, 
and 

ir $ia .= 0, if x denote any straight line, 
and 

7r M =0, of course. 

5. It will be convenient to observe here, that if nr denote the power of the two 
circles which are respectively the inverse curves of (1) and (2) with respect to any 
circle, whose centre is the origin and radius E ; then 

, R 4 

77 = 77 j 



C \H 



i.e., denoting the circles by S 1? S 3 , and the circles inverse to them by $\, S' 3 , since 

c l ==7r (Mi> c 2 = 7r (W 



TT i i IT 



and the formula is still true if either or both circles degenerate into straight lines. 
Thus if x 9 y denote any circles, straight lines, or points, the expresssion 



TTx,y 



is unaltered if the circles be inverted with respect to any circle whose centre is 0. 

General Theorems. §§ 6-8. 

6. If we have given a system of five circles (1, 2, 3, 4, 5), their powers with respect 
to any five other circles (6, 7, 8, 9, 10) are connected by identical relation, which may 
be expressed in the umbral notation by 

1,2,3,4,5 \ 
6, 7, 8, 9, 10/ 

The word " circle " being intended to include a point, a straight line, or the line at 
infinity. 
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This is easily proved by multiplying together the two matrices 



1, 


^9i> 


2/i, 


C l 




C 6? 


,9g? 


J& 


1 


1, 


%ffz> 


4/2 > 


C 3 




^7? 


"*"*"" SV? 


~f<l> 


1 


JL n 


2^3? 


2/s? 


^3 




C 8? 


i/8? 


~f%> 


1 


1 
1 9 


^4? 


Wte 


% 




°9* 


— ^g, 


"""""A? 


1 


x 3 


lg h , 


^/s' 


c 5 




C I0? 


""" J7lO> 




1 



and we obtain at once the equation 



IT 



1*6? 



IT 



1,7> 



^s&m 



1,8? 



?r 



1,9? 



7T 



1,10 



^G? ^T^ ^2,8? ^O? ^lO 

^G? ^3,7? ^3,8 J ^3,9? ^3,10 

^G? ^4,7? ^4, 8? ^4,9* ^4,10 

^5, 6? ^5,7* ^M? ^9? ^,10 



*—*— " \J J 9 



which may be conveniently written 



m 



1, 2, 3, 4, 5 
6, 7, 8, 9, 10, 



0. 



# 6 



6) 



(?) 



7. An important particular case is when is a member of both systems : then we 
have 



V) X-y &) O} *± v ^^ -. 

1 0, 5, 6, 7, 8 ,— ' 



*>§&«» 



(8) 



or 



o, 


X j 


JL A 


-I- j 


1 


JL A 


^IrS? 


17 h& 


^1,7' 


^1,8 


1? 


%,5> 


77 %& 


%,7> 


^S 


Ji- a 


^3,5> 


^3, 8? 


^3,7? 


^3,8 


±5 


/J 4, 5? 


^4, G> 


^4,7^ 


^4,8 



Whence, denoting the angle of intersection of the two circles (x, y) by o^y, we 
have, provided none of the circles reduce to points, 



1 






1 



Tr. 



1 






r 2 
1 






COS (x) hb , COS fi) lj6 , cos t*> lj7? COS Ct) 1|8 



COSO> 3?5 , COS CD^e, COS% ?7? COS £0 2s 8 



COS 0) 3}53 COS &> 3)6 5 COS 0) 3?7? COS o> 3?8 



COS G)^ 5? COS 0) iH , COS €t> 4i7? COS Ct) 4i 8 



0. 



9) 
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This is true if any of the circles are replaced by straight lines. 

If we take the two systems (1, 2, 3, 4), (5, 6, 7, 8) as coincident, we have an 
equation which gives us the radii of the two circles which cut three given circles at 
given angles. 

Thus, if three given circles, radii r ly r 2 , r 3 cut at angles a, (3, y, the radii of the 
circles which cut them at angles fa, fa, fa respectively, are the roots of the equation 



0, 



1 



1 



cosy, 



r. 



3 



1 



1, cos y, cos /3, cos fa 



l s cos a, cos fa 



cos /3, cos a, — 1, cos fa 
cos fa 9 cos fa, cos fa, — 1 



(10) 



8. Another important theorem is easily deduced by the method employed in 
thus 



6, 



ni 



X 2, 3, 4' 
.5, 6, 7, 8. 



1, 


2^1, 


2/i, <a 


X 


C 5> 


~~9& 


~~J& 


1 


1, 


2 #2> 


^/2» C 2 




C Q> 


~~~9& 


*""V6> 


1 


1, 


*9s> 


2/3? C 3 




Cy, 


-97> 


"77> 


1 


1, 


%9*> 


2/4* C 4 




C 8> 


-9z> 


*~«/8j 


1 



hence we have at once 



II 



J_, Zi, Oj 4fc 

ta 6, 7, 8, 






— ! 1, 2, 3, 4/ X \5, 6, 7,8, 



(11) 



Chapter II. — Extension of Results of Chapter I. 



Preliminary Remarks, — §§ 9-12. 



9. Dr. Casey has shown in his memoir " On Bicircular Quartics/ that any two 
conies whose equations can be put in the form S—-L 2 =0, and S — M 2 =0, possess a 
pair of angles which he calls their anharmonic angles, and which he shows to be 
analogous to the angle of intersection of two circles. Thus, if S', S" denote the 
results of substituting the coordinates of the poles of L, M respectively in S, and R 
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the result of substituting the coordinates of the pole of L in M, then the anharmonic 
angles 6, <f> of the two conies are defined by :— 



1— R==v^(i-~S')(l--~ S").COS 9 



1 +R= \/'(l — S')( 1 ■— S").cos <£. 

A proof of a theorem similar to that given in § 6 of the present memoir is to be 
found in Salmon's 'Conies/ p. 366, 

10, Let us take as the equations of the three conies 



a 2 (a? 3 4"2/ 3 +^ s ) — (%f -hyg +^) 3 =0, 
a /2 (cc 3 +2/ 3 +^ 2 ) — (wf' m \ m yg'-\ m zh , y ,= 0. 

Then following the method used in Casey's paper (§ 126), we form the discriminant 
of 

and we obtain 

(a /a — S / )X a +2(aa / — R)X+^""S=0 ; 

and so, if we take 

aa' — 11 = \Z\d*— S')(a 2 — S),cos $, 

where R=^+#<7'+^'> S^/H\9 2 +^ 3 S'^/ /2 '+$ /2 +^' 3 ; we have for the tact- 
invariant of the conies a s S— U, a /s S — M s , (a a — S)(a' 3 — S') sin s $=0 ; or 0=0. 
11. Again, forming the discriminant of 

we obtain for the tact-invariant, <£=0, where 



aa'+R =\/(a /a — S')(a 2 — S) cos </>* 

12. Either of these expressions. aa'+R, might be defined as the power of the two 
conies a 2 S— L 3 , a /3 S— M 3 e For if 0=-^-, it is evident^ as Casey has shown, that the 
pencil formed by the lines L, M, and the chords of contact of the two line pairs which can 
be drawn to touch S from the points of intersection of a' 2 L — a 2 M with a 3 S— L 2 , is 
harmonic; and so 0=— is the condition corresponding to the case of two circles cutting 
orthogonally. In this case the power vanishes. 
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Let us define, then, the power of the two conies a 3 S— L, and a' 2 S--M 2 , as the 
expression aa'+R? and let us denote this by tt. Thus 

7r=aa' -\-ff ~\~gg -\-hh' ; 

the conic S being supposed reduced to its standard form, and f, g, h being the co- 
ordinates of the pole of L with respect to S. 



General Theorem.- — §§ 13-15. 

13. If we have any two systems of conies, say (1, 2, 3, 4, 5), (6, 7, 8, 9, 10), 
inscribed in the same conic S, the powers of the conies of one system with respect to 
the conies of the other system are connected by the relation 



/l, 2, o, 4, 5 \ 

\6, 7, 8, 9, 10/ ' * 

i.e., the same equation as in § 6. 

Thus taking the same equations as in § 10, by multiplying the matrices 



a x , 


fli 


9n 


a 2 , 


J%> 


9i> 


a 3 , 


Js> 


9s> 


%> 


Ji> 


9n 


«6> 


J hi 


9b, 



we have at once the relation 



h 
ho 



h 
h 



i 



a 6 , 


J6> 


96, 


a^ 


U 


97i 


a 8 , 


J8> 


9si 


a Q , 


Jf» 


9m 


a io> 


Jw 


9 io 



h 

k, 



6 



h 
h, 
h 



8 



10 



• (12) 



TT 



1,6 



n 2,f> 



U 



3,6 



IT 



4,6 



7T 



5,6 



7r ],7^ 7r l,85 ^l.cj? ^1,10 



^T? n 2,89 W %9> ^S.iO 



7T. 



3,7' 



7T 



4,7^ 



77 



3,8? 



7T 



3,9> 



7T 



3,10 



7T 



4,8? 



77* 



4,9? 



7T 



4,10 



^^ ^o.S? ^5,9? ^5,10 



0, 



(13) 



14. This equation has been proved for two systems of conies inscribed in the same 
conic. The result is also true if any of the conies be replaced by straight lines, 
provided that we define the power of a straight line and a conic of the system to be 
the power of the straight line and the chord of contact of the conic and the conic S ; 
the power of two straight lines being defined as the perpendicular distance from the 
pole of one line with respect to S to the other line. Thus let any conic of the system 
be 
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and any straight line 



a ~~ Ix + rwy + nz = ; 



then the power of the line and conic is Lf-\-mg-\-nh, and the power of this straight 

line and the line 

a'~i'x-\-'m'y-{-n'z=0, 

is IV '-\-mrri '-\-nn. 

Again, we must define the power of S and u to be a> and the power of S and a to 
be zero ; the power of S with respect to S to be unity. 

15. Exactly as in § 8 we can show that for any two systems of four conies inscribed 
in S, 



1 [5,6,7,8)1 1 1,1,2,3, 



AL Jtt/5, 6,7,8\1 
4 X 3I 5,6,7,8 U 



Chapter III.-™ Special Systems of Circles. 

Circles Touching three Straight Lines,— -§§ 16, 17, 

1G. Denoting the four circles which touch the sides of a triangle by (1, 2, 3, 4), and 
the sides of the triangle by a, 5, c, we have, if x denote any other circle, 

/0, a, b, c, A_ 
ii{ 6,1,2,3,4. ~> 



V K o. , 



0, 1, 



1 



o, 
o, 
o, 

1, 



77* 



a,\? ^,2? rr ((, 8? ^Vl? 






^b , 7T^ 3 , 7Tjj A 



TV 



( ; ,Z5 



77", 



c,& 



77 



0,4 



7T 



'.r,i? ^',2? Tr .», 3-' ^,4 



= • 



and since 



7T 



«, 



}1 — r v 7T^2 



/ oi ooc 



2? 



we have at once 



1__1 1 1 



This theorem will be subsequently extended. 

17. Again let x denote the nine -points circle of the triangle, % the inscribed circle, 
and let (1, 2, 3) denote the mid-points of the sides ; then since 



tt^ 1 =(6 — c) 3 ; 77v.a=(c — a) 3 ; 7r*, 3 =(a— 5) 3 ; 
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the equation 



gives us 



IT TT 



^s, .r; *" 2, Z) 



/a;, z, 1, 2, o\ 
11 \#, «, 1, 2, 3y = u ' 



0, 
(b-cf, 



0, (& — c) 2 , 0, 



0, {c—af, 
0, («-&)*, 



C 3 



4-' 
I' 



0, 

(c—«) 3 , (a — 6) 3 



4 



0, 



re 
I' 



? 



a- 







0; 



whence we have 



TT f V It i* f — " * 7| •>' 



or the circle which passes through the mid- points of the sides of a triangle touches 
the inscribed circle. Similarly it can be proved to touch, the escribed circles. 



Circle Cutting three Circles Orthogonally. — §§ 18-20. 



18. Let the circle cutting the system (1 ? 2, 3) orthogonally be denoted by (as) : 
then since 



we have 



But 



/or, x, 1, 2, 6 
\0,%, 1, 2,3/ ; 



.^ (7j lj Aj u\ _^ / J-j Zt^ O 
C7j X) iWj O / \-*-j ^j» O) 



• • • « » 



n 



e, i, 2, 3' 

V#, 1, 2, 3, 



0, 

1, 



1, .1, 



^l.U ^I.Sj 



7T 



1,3 



%1? ^2,2* %3 



%1? ^3,25 ^3,3 



and if the equations of the circles be 



where r=(l, 2, 3) ; 



x*-\- y*^ 2g r x-\-2f r y-\-c r -=: 0, 



° b a 



» » 



(14) 



O 
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we have at once 



9, 1,2, 3\ 
<9, 1, 2, 3/"" 


3 0, 0, 
1? 2<7i, 2/ l3 
1 > 2#2> 2/ a , 

1> 2^3,. 2/g, 


== — 


-16{A(1, 2, 3)} 2 



1 



d 



c 



2 



C 



3 



X 



1, 


o. 


> 


0, 







c l? 




-#i> 




-A, 


l 


c 2? 




-,%, 




J2> 


l 


C 3? 




-S's. 




-/» 


l 



(15) 



where A(l, 2 3 3) denotes the area of the triangle formed by the centres of the circles 

(1, 2, 3), 

Hence by (14) we see that, if r denote the radius of the circle which cuts (1, 2, 3) 
orthogonally , 

1, 2 3 3' 



or 



n, 

.2-™- X 1 ' ^ 6 , 



'1 '2 '3 



32{A(1, 2, 3)} 3 4{A(1, 2, 3)} s 



X 



-—1, coso) ]>2 , cosco L3 

COS fi) 3j 1? — 1 , COS 0) 2 , 3 

cos <y ])3 , cosw 3j3 , — 1 



.2, 



'l '2 7 3 



{A(l, 2, 3)} 



•ma cos s,cos ( ,s '~ -&) 2,3) iC08 (• s '~" &, 3,])- c08 ( s — a ],z) '■> 



© e 



(16) 



w 2,3? ^3,1? w i,2 being the angles of intersection of the circles (1, 2, 3) ? and 2s being 

equal to ^2,3+^3,i"i* (U i,2* 

19. Since any point on a circle may be considered as a circle of infinitely small 

radius cutting the circle orthogonally, it follows that if three circles meet in a point 5 

the radius of their orthogonal circle must vanish. Hence the condition that three 

circles meet in a point is 

i, 2, y 



n 



1, 2, 3 



0. 



(17) 



20. The radius of the orthogonal circle of the system (1, 2, 3) is infinite when 
A(l, 2, 3) = 0, i.e., when the centres of the circles lie on a straight line; in which case 
the orthogonal circle degenerates into the straight line through their centres, 



Four circles hewing a. Common Orthogonal Circle. — -§§ 21-24. 

21. Suppose that the system -(1, 2, 3, 4) has a common orthogonal circle, a? -say; 
then since 

___ / X . JL, Zi* O* 4t \ _ 

n 1=0 • 

\y, 1, 2, 3, 4/ U ' 
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we have 



7T, 



X,1J, 



o, 
o, 

o, 



whence 



IT. 



y>\> 



TT 



TT 



2,1? 



TT 



4,1? 



n 



TT 



,y,2? 



IT, 



y,3' 



7T 



2,2? 



7T 



2,3* 



TT, 



4,2? 



7T 



4,3? 



lj £ly O) 4fc 

1, 2, 3, 4 



TT 



;a 4 



1,1? ^l^? ?"l,35 ^1,4 



7Tc 



2,4 



^3,1? ^3,2? ^3, 3? ^8,4 



7T 



4,4 



0; 



V-'j • « * « • 



(18) 



which is the condition that the system has a common orthogonal circle. 

22. It is evident also that (5, 6, 7, 8) being any other system of circles, we must 
have, since 



Xr o, b, /, b \____/^ 

11 V,1,2 > 3,4,'- J ' 

1 ? ^ ? o ? 4fc ^^ 

*5, 6, 7, 8 , — U# 



. . (19) 



It follows by symmetry that this result must be true if either of the two systems 
(1, 2, 3, 4) or (5, 6, 7, 8) have a common orthogonal circle. 
Hence we must have 



^n[^'^nU u ^' 4 !xni 



>/>, 6, 7, 8, 



1, 2, 3, 4, 



'5, 6, 7, 8 s 
5, 6, 7, 8/* 



23. We may notice that any three circles, whose centres lie on a straight line, may 
be considered as having, with the line at infinity, a common orthogonal circle. 

24. The system. (1, 2, 3, 4) having a common orthogonal circle, and (5, 6, 7, 8) 
being any other system of circles, we have 



/l 2 3 4' 

1 5, 6, 7,8' ? 



and, as in § 8, we may prove that 



III 



3' 



'.X. a JwwJ « 

.5, 6, 7, 



W 1,2, \nf 5,6 ' 7 



1,2, 



3 



\5, 6. 7/ 



. . . . (20) 



As a particular case, we have 



'0,1,2, 3. t 
'l, 2,3,4/ U ' 



whence 



Xj ^ ? o 



1, 2, 3' 



1 O 9 ' 



^ ^U', 3! 4) + ^- »- n ll, 4, 3J+^ 8- n ll, 2, 4 



1> 2, 



3' 



'**• * ,TI ^ 1, 2, 3 



0. 
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Hence by (20) 



^ dj* 






^"•tf, 1' 



Hi 



2, 3, 4, 



+ ^.t, 2« ' 



ni 



1, 4, 3' 



■> ^> 



1, 4, 3 



/l, 2,4X1* 



But if r be the radius of the common orthogonal circle, we have by (16). 



ni 



J. J £jy O 



9 



Therefore 



,1 ? ZUy O 



ni 



1, 2, 4 N 

1, 2, 4y 



32 



{A(l, 2, 4)} 2 ' 



&c. 



7r^ 4 .A(l, 2, 3) = 7T, T)1 .A(2, 3, 4)+7r. rj2 .A(l, 4, 3)+^o.A(1, 2, 4). . . (21) 

Thus if any four circles have a common orthogonal circle, and the areal coordinates 
of the centre of one of them referred to the triangle formed by joining the centres of 
the other three be a, /3, y : then the powers of any other circle with respect to these 
four circles are connected by the relation 



7T. rj 4 =a.7T. t:j ] +/3.rr^ o+y.ir,. 8 . 



( ^^ } 



As a particular case we obtain the well-known theorem that if A, B, be the 
centres of any three circles, P any point on the circle which cuts these orthogonally, 
and any other point, then 

OP 3 ==(OA a -r 1 2 )a+(OB a -^ a ))8+(OC 2 --r3 S ) y ; 

where a, j3, y are the areal coordinates of P referred to the triangle ABC. 



Orthogonal Systems,—- ■§§ 25-29. 

25. Four circles may be said to form an orthogonal system if they cut one another 
orthogonally : It is clear that the centre of any one of them Is the orthocentre of the 
triangle formed by the other three. 

If the system be denoted by (1, 2, 3, 4), then (x, y) being any other circles, the 
equation 



becomes 



, X } I, £, o } *± . ^^ 

v 1 2 3 4 

W, X, A, U; -X y 



#» , ? / 5 



m» 



#,1? ^\2? ^,3? ^4 





'""l, 1> 


o, 


o, 





7T ?/j 2 , 


o, 


^.gj 


o, 





^,3? 


o, 


o, 


1 o ' 







o, 


o, 


o, 


7T 



; 
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i/*0, , 



„ 7r Vl >77 V,l i ^; a^TTy 2 i 7r ^3' 7r V,3 i 7r ^,4- 7r y,4 



ff = :v^.-^ + "^_^ + ^_^» + ^*i!-_^ (23) 

'^ f7T^ TT f7T (TT- V / 



^1,1 ^3,2 ^3,3 ^4,4 



As particular cases, we have, since ^\,i= wmmm ^\y &c. 



^,1 l ^,3 , ^',3 , ^,4 



+ ;V+.^+^ 1 =-2.ir iri .= -2orO; (24) 



y l '2 '3 '4 



according as x denotes a circle or a straight line. 
If x represents a circle, radius r x , we have 



O O O O 



4 TV* — -7 ' «-j~ ' o -j ' o -j ' , » \^*v 



/i >2 '3 '4 



And if x represent a straight line, so that 77*^= — 2, we have 



2 9 9 o 

7T,. !" . 7T, ; o" . 7JV Q " . 77%. 



^ o 1^ 1^ o I • * • * * * * * V / 



7 1 '2 '3 '4 



Again, since 77^0=0, we have 



o^+i+i+i; W 



/yt <i nt A nt <& " n 



whence it appears that one at least of the three circles must be imaginary, and one at 
least real. 

26. By equation (16) we have 



ni tZ/y> tint & 

r a_, ; i :2/3.. 

* — 4{A(1, 2, 3)} 3 



Hence 

4{A(l, 2, 3)} 2 =r 2 a r 3 s +r 3 V 1 3 +r 1 V; (28) 

and we can easily find that, if p be the radius of the nine-points circle of the triangle 
formed by the centres of three of the circles, 

( ri *+r*)(r*+r^ (29) 

27. If the circles (1, 2, 3, 4) be any system not having a common orthogonal circle, 
we may find four other circles, (5, 6, 7, 8) say, each of which is orthogonal to three 
of the former. Two such systems are connected by several interesting formulae, and 
one system may be called the " orthogonal system " of the other. 

Thus, x and y denoting any two circles, we have, since 

fXy 1, *J, 6, 4t\ _ 

X V 5,6,7,8;)- ' 
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the relation 



which may be written 



IT 



x,y 



^i\y>> 



%3> 



7T 



iVl> 



^,3: 



77 



1,5? 



o, 



o, 

0, 



o, 

0, 



O) I J 



0, 



7T 3 . 8 







"4,8 



0; 



7r a\5' 7r V,l_l ^NG* 71 ";^ I 7r A',7' 7r y,3 f 77 X8' 7r V,4. . 

„.„ -_„-. — , _«j™ - — ■ „,&., ■*-*«— "" ■ — >»L« — -~ — - — 

^1,5 ^2,6 ^3,7 ^4,8 



» • 



whence as particular cases, we have, x denoting any circle whose radius is r x — 



(30) 



7T,, 



7T« 



77*,. 



t-,7 






7T 



•*,8 



1 



^l.o ^2,6 ^S,? ^4,8 



5 9 0*0* 



(31) 



7r M^3J I 7r «,6- 7r «,2 I 7r *,7-''"a;,S i_ 7r «,8' 7r .'Vt 



7T 






1,5 



IT 






2,6 



7T 






3,7 



7T 



4,8 



Q/r» 3 



^7 



*• 



( uZ ) 



If a; denote any straight line, we have 



7T 



A", 3 , 



— BonliMa J '""""" ""■"——" i B u fan — — b mhAw i i m 

1,5 ^2,6 ' ^S,! ^4,8 



o, 



o e 



* » (do) 



77"/); g.77%; 



^1.5 ^SG ^3,7 *4,8 



and 



7T 



1 111 



1,5 



77*. 



2,G 



7T 



3,7 



7T 



1,8 



9 9 & 



I o4 / 



« . ( oO ) 



28. This last result gives us an interesting theorem— in the case when the given 
system (1,2, 3, 4) consists of four points; then tt 1)5 is equal to the square of the tangent 
from the point (1) to the circle passing through the points (2, 3, 4), and so on ; thus 
the sum of the reciprocals of the powers of each of four given points with respect to 
the circle passing through the remaining three is zero. One of these quantities must 
be negative, so that one of the four points must lie within the corresponding circle. 

Also by (31) the sum of the powers of these points with respect to any other circle, 
divided respectively by their powers with respect to the orthogonal system, is equal to 
unity, And by (33) the sum of the quotients of the perpendiculars from each point 
on any straight line, divided by the power of that point with respect to the circle 
which does not pass through it, is zero. 

29. There is another special system of circles which is closely allied to the orthogonal 
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system discussed in § 25 ; which, is of some importance. Thus, let (1, 2) be any two 
circles cutting orthogonally, and let (3, 4) be their two points of intersection ; the 
equation 



. X, 1, £iy 6, 4fc . ^^ 

Ul,2,3,4 l_U 



becomes 



TT^y, 


^,1? 


^,25 


77^,3? 


TT 


^l* 


n hV 


o, 


o, 





W ^^ 


o, 


"^ 


o, 





%3> 


o, 


o, 


o, 


7T 


%4j 


0. 


o, 


w l,3> 






#,4, 



3,4 



= 0; 



which may be written, if we put 7r 3j4 =6 2 , 



?*■#,# — ■ 



_7r*,].7r ya 7T^ 2 .7T^ 3 ^,3-^,4 + ^,4-^3 



7T 



. MM*HM 



1,1 



^2,2 






a particular case of which is 







r 



-4- 1 



/M f& 



n 



4 



e 



e< 



* • 



• (36) 



Circles touching one another . — §§ 30-34. 

30. Two circles may be said to touch externally, or internally, according as their 
angle of intersection =0 or 7r, i.e., if we denote the circles by x, y> then they 
touch externally if 7r^:= + (^,.?-%y)% and internally if 7r« y =— (fl*,*.flv f y)*. 

If the four circles (1, 2, 3, 4) touch externally, we have at once, from the equation 

yj/0; 1? 2, 3, 4\ e 



0, 
1 



?s 



n* 



1 



MDCCCLXXXVI. 



r- 



i 
1 

JL * 

i 



TV 



1 



1, 1, 



3 s 



1 



1 l 



1 



1 



JL « 



X > JL 



=o. 



498 



MR. E. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 



Whence 



1111 

2 I „. 2 » „„ 9. I „ > 5 



'l y 2 '8 






111111 

+ zrz + :; .. + ~ + ~ :r + 



a a 



'1/2 '1/3 



'l'4 '2'3 's'4 7 3'4/ 



(37) 



or if r 1? r 3 , r 3 be known, 



A — i i 1 i 



?\, ^ 



4 '1 '2 '3 






ft a 



n 



(38) 



31. This formula is given by Steiner (' Crelle, Journ. Math./ vol 1, 1826), in a 
paper, in which several interesting cases of series of circles touching one another are 
discussed : two cases may be noticed here. 

Let two circles (1, 2), radii a, c, be described touching each other externally and 
touching another circle, radius f, internally, whose centre lies on the common diameter 
of the other two. Now let a circle S x be described touching the two former externally 
and the latter internally, and let a series of circles S 3 , S 3 , &c, be described, ail touch- 
ing (1, 2) externally, as well as the preceding one in the series. Let their radii be 

1 ? 2? ^O. 

Clearly r n __ l9 r n+1 are the roots of the equation 



JL , JL _ JL - JL j£j / JL -** s JL \ . £J - <&£ _ j~J 



therefore 



1 n 



a* 



a 



r. 



n d 



LVO I •VttrV / 111 



n v 



1 



?«_._ 7 



And we easily find that 



- ^L„ _____ £ i 



i . r 



U C 



2r 
ac 



acr 



r, 



n 



n*7$ — ac ' 



9 9 



(39) 



If, however, B\ be drawn touching (1, 2) externally, and also the line joining their 
centres, we shall have, if S' w be the rfi 1 circle of this second series 



4cacr 



T 



w 



(2n — 1)V 3 — A.ac 



« a 



• (40) 



32. If the system of circles (1, 2, 3, 4) have a common tangent circle x> say, the 
equation 



may be written 



^Ll' 



v ir M , 



Tfc 



3,35 






X, 1, z, o, *± . ^^ 
r 1 2^4 



1, y^" V^, vArle, v^ 



7T 



J, 1^ 



^2,1 



7T 



1,25 



2? ^5 



77 



3,1? 



rr 



3,2? 






4,1.5 



7T. 



£,»> 



^1,35 

^2, 3? 
^3,35 
^4,3? 



7T 



1,4 



77V 



2,4 



77" 



3,1 



^4.. 4 



0; . 



. (41) 
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where the positive sign is to be taken with the radicals for external contact, and the 
negative for internal contact. 

Now if t riS denote the direct common tangent of the circles (r, s) we have 

and if t' r%8 denote the transverse common .tangent, then 



We can then deduce at once from (41) 



o, 


f 3 

6 1,3 9 


6 1,3 ? 


f 3 


t 3 

6 3,1 y 


o, 


6 3,3 9 


f 3 


t 3 


/ 3 

6 3 ? 3 > 


o, 


/ 3 

^3,4 


/ 3 
6 4,1 J 


t 2 

%,3 j 


%3 ? 






= 0, 



or 



£],3- ^3,4 ± ^1,3* ^,3 ± ^1,4- h,3 = ® \ 



which is Dr. Casey's well-known formula. # 

83. When the condition in the last article is satisfied, we can find the radius of the 
tangent circle by equation (31). 

Thus, let the system (5, 6, 7, 8) be the system orthogonal to the system (1, 2, 3, 4), 
then we have 



tfx, 1 , TTar. 9. . W 



*,S I 77 X4 






1. 



Tl . s To » 7T. 



1 f* 

1,» 



,6 "3,7 "4,8 



7T 



Thus if (x) touch each of the circles externally, we have 



1 _ 2r, , 2r 3 , 2r 8 , 2r 4 



?% 7T 



1,5 ^2,6 ' 7r Sf7 ' ^4,8 



• • 



. . . . . (42) 



34. If the system (1, 2, 3, 4) be such that four other circles (5, 6, 7, 8) can be 
drawn to touch them all. symmetrically : say each of the latter touches three of the 
former externally and one internally : then the equation 



JUy 1, &) Oy ^X. . ^ 

\y,5,6,7,8 , ^ U 



becomes 



077V v - — 2 2/ 



IT TT 



TT 



■y,\ 



^,5 



x,y 



r^ 



[* If the circle (a?) touches the circles (1, 2) in opposite senses, then £ L3 must be replaced by f L3 in 
this fornrula. — October, 1886.] 

3 s 2 
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whence as a particular case 



111 1\/1 .1.1. 1\ „/ 1 f 1 . 1 8 1 \ 



r 3 ' r 3 ■ r 



Chapter I V.— Circles Connected with a Triangle, 

The properties of several of these circles have been discussed in detail by the author 
in a paper published in the c Quarterly Journal of Mathematics ? (vol. 21, 1885). It is 
only proposed to discuss here some of the more general cases, which can be deduced at 
once from the general equation in § 6, and which by this method admit of immediate 
extension. The first case considered, viz., the circles which cut three given circles at 
given angles, is discussed by Darboux (' Annales de 1'ficole Normale/ vol. 1, 1872). 
By triangle is meant the general case of a triangle formed by three circles. 



Circles cutting Three Given Circles at Given Angles.—^ 35-38. 

35. Let (1, 2, 3) denote any given system of three circles, which cut at angles 
a, /?, y. If then S be any circle which cuts them at angles 0, <f>, \jt, we have at once 
by § 7— denoting the radius by p— 



0, 

1 



1 



Tc 



1 



r. 



1 

P' 



1 



cos 6. 



1 



cos 6 9 



1 

COS <f), 



1 



COS \JJ 



1, cosy, cos /J 



cos (j> 9 cos y, — 1, cos a 
cos \jf 9 cos /3, cos a, — 1 



0. 



« . 



. (44) 



Thus we obtain a quadratic for p ; and two circles can in general be drawn cutting 
the given circles at the given angles. 

Now let either of these circles cut the orthogonal circle of the system (1, 2, 3), at 
the angle o> — denoting the orthogonal circle by the symbol 4, and its radius by r ; the 
equation 

Oj ~fcj J., £iy O 



Hi 



S, 4, I ; 2, 3, 
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becomes 



or 



sin 2 o) 







— 1 , COS G), 


cos 9, COS <£, COS \JJ 


— -— 


; 






cos <y, — 1, 


0, 0, 










cos 0, 0, 


— 1, cosy, cos/3 










cos<£, 0, 


cosy, —1, cos a 










cos i/f, 0, 


cos /3, cos a, — 1 






— 1 


cos y, cos /3 






0, cos 9, cos <f> 9 


COS xfj 


cosy, 


— I, cos a 






cos 9, — 1, cosy, 


COS /3 


cos/3, 


cos a, — 1 






cos <£, cosy, — 1, 


cos a 












cos xjj, cos /3, cos a, 


— 1 



. (45) 



It thus appears that each of the circles, which can be drawn to cut the system 
(1, 2, 3) at angles 9, <j>, \fj, cuts the orthogonal circle at one of the angles o) or 7r— -oj. 
It is otherwise evident that these two circles are such that one is the inverse of the 
other with respect to the circle which cuts the system (1, 2, 3) orthogonally. 

Let us denote the two circles by S, S', and their radii by p, p. We have by 






the equation 
















1 


1 




i 


1 


1 




P 


r' 




ri » 


V 


'3 




cos o), 


— 


i 


o, 


o, 







cos 9, 


o, 




-i, 


cosy, 


cos /3 




cos <£, 


o, 




cos y, 


JL « 


cos a 




COS xp, 


o, 




cos/3, 


cos a, 


— 1 



0; 



(46) 



and we also get a similar equation for p. 

It appears, then, that the circle S', which is the inverse of S, cuts the orthogonal 
circle at the angle 7r— o). It may happen, however, that the roots of equation (44) 
are of opposite sign ; in this case, the circle S' evidently cuts the given system (1,2, 3) 
at angles 7r— 9, 7r— (£, tt—xjj, and the circle orthogonal to these at the angle w. 

p and p being the roots of (44), we have at once by (46) 



i/.C, 



1 1 , 2 cos o) 
-+ = 0. 

P P * 



11 1 2 



(47) 



7TS ? 4 ^S', 4, 



nti 



7T 



4,4 
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Hence the two circles S, S' are real, coincident, or imaginary, according as —~j- is 

positive, zero, or negative. 

But by § 1 8 the sign of r 2 is the same as the sign of 



m 



1, 2, 3 V 



or cos 2 a + cos 3 ft + cos 2 y + 2 cos a cos /? cos y ■— L 



Hence, by (45), S, S' are real, coincident, or imaginary, according as 



J- R 


COS 0, 


COS <j&, 


cos t/i 


cos 0, 


J- ft 


cos y, 


cos /3 


COS <£, 


COS y, 


JL a 


cos a 


COS l//, 


cos /3, 


cos a, 


— 1 



is negative, zero, or positive, i.e., according as 



1X1 



KJn JLa jLJ » <L? 



S, 1, 2, 3 ( 
is negative, zero, or positive. 

36. It is clear that four pairs of circles can be drawn to cut the given system 
(1, 2, 3) at angles equal to 0, <j>, \jj, or their supplements. The radii of these eight 
circles are connected by a remarkable relation. Let them be denoted by p, p; p l9 p\ ; 
P& p'z> Ps> p'& ^y equation (46) we have 



+ n 
P P 

COS 0, 
COS <f), 

COS if), 



1 



o\ 



cos y, 
cos ft, 



1 

cos y, 

COS <X„ 



1 

cos ft 
cos a 
— 1 



3 



or 



similarly, we shall have, 



1 1 

-+~;=F cos #+G cos <^>+H cos^; 

P P 



* e 



+ ,' — 

Pi P\ 

1_ 1 __ 

P<2 P'iS 
1 1 _ 

Ps ' p's 



F cos 0-\-G cos <£+H cos \jj, 
F cos 0— G cos <£+H cos i//, 
F cos 0+G cos <^>— H cos \jt. 



Hence 



1.1 111111 

+~r+" +7/H — + r- 



e 9 ? 



. . (48) 



P P Pi Pi Ps Ps P8 PS 



(49^ 

# « c » \ nr t-' * 
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37. We also obtain some interesting results by considering another group of circles 
allied to the pair considered in § 35. Thus let 25=#+</>+i// ; let p l9 p\ be the radii 
of the pair of circles cutting the system (1, 2, 3) at angles 25, \jj, <f>; let p % , p\ be the 
radii of the pair cutting the system at angles i//, 25, 6 ; and p 3 , p' 3 the radii of the 
pair cutting the system at angles <f>, 0, 2s. 

As in (48 ), we have 

1 1 

- + t = F cos 8 + G cos (h +H cos xb, 

P P 

1 1 

— j_ = y cos 25 +G cos xi +H cos </>, 

Pi Pi 

1 1 

--•+— =F cos xjj +G cos 25+H cos 0, 

P2 p2 



— + , =F cos <A +G cos +HT cos 25. 

PS P3 



Hence, by addition, 



11111111 

— [__^_— ^_ __j„_ |_ . +—-J — r 
P P Pi Pi Ps Ps Ps Ps 

= (F+G+H)(cos #+ cos <£+ cos t//+ cos 2s) 

p + ^U cos-|(9+t//).cos-|(t//+^).cos^(^+^) ; .... (50) 

where. It, R' are the radii of the circles which touch the given circles externally. 

Similarly 

11 1 _1 ^ 1__ 1_ 1 

P P' Pi P\ P2 P'* P3 />'s 

= (F— G— H)(cos #+ cos 25— cos <£— cos \fj) 

1 1 \ 
E ~ +^r ) 4 cos l(</>+i//).sin i|(i//+0).sin %(0+4>) ; 

where R D K^ are the radii of the circles which touch the circle (1) internally and the 
circles (2, 3) externally. 

38. The problem of drawing a circle to cut four given circles at equal angles has 
been discussed by Darbottx, in his paper cited above, who makes the solution depend 
on that of drawing a circle to cut three given circles at given angles. Given four 
circles, say (1, 2, 3, 4), we can easily find the angle at which a circle can cut them, 
and the radius of the circle. For let this angle be <£, then, if we denote the circle by 
S, we have 

...... /O, 1, Jj, O, 4:\ . 

n —0 

V S, 1, 2, 3, 4/ ? 



504 



MR. R. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 



whence 



_1 

5 


COS c/>, 


COS <£, 


COS t/>, 


COS $ 


COS <£, 


-1, 


cos <w L2 , 


cos oj 1j3 , 


COS 6) lj4 


COS <f> 9 


cos (w 2 ,i 5 


JL « 


cos <w 2)3 , 


COS CO i7 4 


COS </>, 


COSG) 3|1 , 


cosa; 3)S5 


*"*"" r J 


cos <u 3i4 , 


COS <[>, 


cosco 4>l5 


COS 0)^ 2 5 


COS 6)^3, 


— 1 



0; 



where <w L2 , o) lj35 &c., are the angles of intersection of the system (1, 2, 3, 4). 
We have then to determine <£, the equation 



sec ©, 



JL a 

1. 



1, 


± ? 


-1, 


cos co l83? 


cos co 2a , 


-i, 


COS 0) 3jl , 


cos co 3}3 , 


cos co 4jj13 


cos o) d , )2? 



X j 



COS CO 



1 



cos co 1>3 , cos co :u4) 

COS (W^g, COS C0 2 ,4 



4,3? 



COS C0 3)4) 
_1 



0. 



(51) 



Also since 



, h5 } 1, Zj 5 <0j 4t . ^^ 

( 6> ? 1, 2, 3,4/ ; 



we obtain at once, if p be the radius of the circle, 



se<3(/> 



P 



1 



'■ } 



1 



i 



-1, 


COS co lj2 , 


COS 0)^ 3 , 


COS 0) 1A 


COS 6)2,!, 


-1, 


cos oj 2)3? 


cos w 3 , 4 


coso> M , 


cos oj 3j2? 


-1, 


cos oj 3i4 


cosoj 4}1? 


COS Ct) 4 2 i 


COS Ct) 4 3 j 


-1 



. . . (52) 



We thus see that only one circle can be drawn ; (51) determines the angle at which 
this circle cuts the given system. 

For instance, if the four given circles cut orthogonally, we have 



sec <£=2, 
2 1111 



r r 



To T, 



This circle will be imaginary, since one of the four (1, 2, 3, 4) is so. 
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The Circles which pass through three of the points of intersection of three Circles. 

§§ 39-41. 

39. Let the given systems of circles be denoted by (1, 2, 3), and their orthogonal 
circle by the symbol (4). Let P, Q, R, P', Q', W be the six points of intersection of 
the three circles, the points P, Q, R being situated within the triangle formed by the 
centres of the circles. Let S be the circle which passes through the points P, Q, R. 

We have, then, 

/b, 2, o\ /b, o, 1\ /bj 1, 2\ 

VS, 2, 3/ VS, 3, 1/ \S, 1, 2 =0t 



Hence we have by a theorem of determinants 



and 



But since 



we 



have 



or 



and since 



■TT ( > ' ? ° 
xx t rj -i q o 
\D, 1, Z, O f 



ni 



S, 1,3\P 
S, 2, 3/ 1 



= — n 



n 



,1) 2, •> 



2 



= — n 



'8,3' 
S, 3 



>\ 3 
X 3. 



/S, 1, 2, 3X^1 

\o, 1, z, o d 



n. b, 1, J, o 

' Q 1 O 9 

Oj ij *£, O 



, b, 1, 2, O, CM 

XX ' rj -I f) Of) ^? 

b, 1, Z, o,4/ 



/I, 2, b, CM jt/^ x > ^> *M A . 

7rs ' 1 ' 1 \l, 2, 3, S; VS, 1» 2 > 3 /~ ' 



-^R, 4' 



n 



3 



'1,2, 

,1) 2, o 



n 



U 2, 3' 
1 ? 2, 3, 



n 



0, o, x 

1, 2, o 



— ni 



'S, 1, 2' 
1, 2. 



3 



, £3, 1, Z, o, 4t\ _ 

SI 2 3 4/ ? 

Ky, JL, i^> t/j JC/ 



• ( 53 ) 



(54) 



But by § 18, 



. b, 1, 2, o\ o t-t/1? ^j *■> \ 



S,l,2, 3 > /~ Ws '* ,11 \l, 2, 3/" ' 



• • » • 



ni 



Xj ^j, o 

1,2 ° 



■> -<> 



= -16^^(1,2,3) 



•2 



(55) 



hence by means of (53), (54) becomes 



7T 4 ^ — 7T 4iS 



.4lX( I, Z, o) — ^ xl 

"■4.8 ' l 



2, 3 



'3,1' 



\ +{ n ^i)^ + 



But 



n(^')=i6(A(P, 2 ,3)r. 



Zi« O 



ni 



1,2' 
1,2. 



MDOCCLXXXVI, 



3T 
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Thus we may write this equation 



tt^-tt^s A(P, 2, 3)+A(Q, 3 5 1) + A(E, 1, 2) 



or 



7T 4 , S 



p COS CO 



A(l, 2, 3) 



£a(±5 ^j ? ,o) 



A(l, 2, 3) + A(P, 2, 3). + A(Q, 3, 1) + A(R, 1, 2)' ° 



(56) 



where co is the angle of intersection of S and the orthogonal circle of the system 
(1, 2, 3), and p, r are the radii of the circles (S, 4). 

This formula is easily adapted for the circles (PQB/), &c, by taking the area of the 

triangle (P', 2, 3) as of opposite sign to A(P 3 2, 3). 

/S 1 2 3\ 
Again, if k SjS , k Sj1 , &c. denote the minors of tt S} s? 7r S)1 , &c. in n(^' ' ' 1 ; and if pb hl , 



k5j X^ &) O 



'1 9, °' 



ja L2 , &c. denote the minors of 7r ia , 7r 1)3 , &c. in II ( ' ~' 9 ), we shall have from (55) 



7t\ s /l, 2, 3\ /l, 2, 3\ /S, 1, 2, 3\ * /l, 2, 

■'.111- ~ - • A /X L 9 J — 111 oj^/^li 9 



^4,4 



-J ^J 



O 

o 
O 



But by (53) 



^S, S- ^S, S? ^S, I? *S, 2? K S, 3 



/C 



1,Sj 



/^Ll* ^1,2? ^1,3 



K 2»S? ^2,1? ^2, 2?- ^2,3 



AC 



3, S? ^3,15 ^3,2* ^3,3 



Ar 



S 5 2, 3\ 1 ^ 






o 

O 



ni 



'O o 1 

J, o 



O 9 



Oj Xj i-/^ o 

o ? 1, ^j. o 



/S ? 1, % 3\ 
, ^ 1 » 1 VS, 1, 2, 37" 



Therefore 






X 



iA?*?U 9: 



1 9 



\x 5 



3 



But 



0, 

vVi,i> 

V /^2,2? 

V ^3,3? 



" S,b" 4,4 " 4, a 



Vft,l> 

^2, I? 
^3,1? 



tan 3 w ; 



and 



fta=16{A(P, 2, 3)} 2 . 



V /%£? V , 



^2,2 
^1,2; 

/%,2; 



7^3, 2> 



^3,3 
^1,3 
^2,3 
^3,3 



■• ( 57 ) 
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So that we may write the above equation 



64rHan 2 a>{A(l,2,3)} 



4. 



o, 


A(P, 2, 3), A(Q, 3, 1), A(R, 1, 2) 


Z\( JL 5 Jlp O J 9 


Z^i.n /^l.a* /^ls 


A(Q, 3, 1), 


^2,1' /^J /*2,3 


A(E, 1, 2), 


/*8,1> ^.gJ ^3,3 



• ( 58 ) 



Similarly we can find to for the circles (P', Q, R), &e. 

40. If the given system (1, 2, 3) intersect at angles a, /?, y ? equation (57) reduces 
easily to 

cos 2 a)=sec 5 . cos (s—a) . cos (s—fi) . cos (s—y), . . . . (59) 
where 

Also for circle (P'QR) we shall find 

cos 3 co = cos s . sec (s — a) . cos (s—ft) . cos (s—y). 

41. It may be noticed that the system (P, Q 3 R, 4) is the orthogonal system to 
(1, 2, 3, S)-— (see § 27). 

We have at once from equation (35) 



1,1,1,1 



^P,! * ^,2 * ^l^B * ^M 



. • 



(60) 



If S' be the circle through (P', Q', B/), we have 



_1 . 1 . 1 . 1 . 

^P',! ^',2 ^',3 7r S , ,4 



But by (47), since S' is the inverse of S with respect to the circle (4), 






Hence we have 



^M ' 7r S',4 ^4,4 



1,1,1,1,1,1,2 A 

• j — — — inn Inn - — — ■ i l l — — " .,, [ . III , n l ■ ill i l l ■ • '* *** I I * 

^P,! ^P',! ^,2 ^',2 ^B^ ^',3 ^-M 



• (61) 



or the sum of the reciprocals of the squares of the tangents, from the points of inter- 
section of three circles to the circles, is equal to the reciprocal of the square of the 
radius of the circle which cuts the circles orthogonally. 

3 T 2 
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Again, from equation (31), we shall have 



,7r S, 1 ^L ^S, 2 _J_ ^S, 3 ' W 



I " S, 2 | " S, 3 l " S, S i 

lit — J .1- * « e e « e 



^P,! ^,2 ^,3 ^8,4 



(62) 



or, if S cut the system (I, 2, 3) at angles <j} l9 </> 2 , <£ 3 , this may be written 



1 2^008^ 2r 3 cos <£ 2 2r 3 cos <£ 3 1 



P,l 



Q,2 



H,3 



ff « e 



. . (63) 



This with equation (60) is sufficient to determine w and p. Also by drawing a 
figure we shall see at once that 

So that, if 2s=a+/H-y, 



TAe Circles which touch three given Circles.— $ 42-46. 

42. Let (1, 2, 3) be the given system, and let (4) denote the orthogonal circle of 
the system : then if S be the circle which touches all the circles externally, and oj its 
angle of intersection with (4), we shall have, since, 



and 



^8,1 = ^1,1^8,8; &c. 



17,4,4 \S, 1, 2, 3, 



7r 3 i,s-ni 



1 j &j ? o 



9 / J 



1, 2, 3. 



(cos 3 g)— i).m 



o, 

V TT lf x , 



V7f 






vv 2 , 2 ; y 



7T 



2,1* 



3,3> 



77 



3,1> 



^1,2? 



7r 3,2? 



^3,3 



7T 



2,3 



a « 



77 



3,3 



(64) 



By giving the expressions \/rr hl , &c, different signs, we obtain the values of cos 0) 
for the other pairs of tangent circles ; and it is clear that there are four pairs of such 
circles. 

43. If a, /3, y be the angles of intersection of the system (1, 2, 3), and o>, <u ]9 a) 2 , g> 3 
the angles of intersection of the four pairs of tangent circles with the orthogonal circle 
of the system, we can easily deduce from (64) the formulae 
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K cos 2 co = 
K cos 2 co l = 

K COS 2 Cl> 2 = 
K COS 2 CO Q = 



2(1+ cos a)(i+ cos /3)(l + cos y) 
2(1 + cos a)(l— cos /3)(1— cos y) 
2(1— cos a)(l+ cos/3)(l— cos y) 
2(1— cos a)(l— cos /3)(l + cos y) j 



• (65) 



where 



K= cos 2 a + cos 2 /3 + cos 2 y + 2 cos a cos /? cos y — 1, 



44. The radii of the circles are given at once by the formula 

/S, 1, 2, 3, 4\ 
U, 1,2,3,4/ ^ 

Thus, if p be the radius of circle touching the system (1, 2, 3) externally, we have 



or. 



1 


i 


1 




1 






1 




p 








r 9 

f 3 






7* 


1, 


-1, 


cos y, 


cos/3, 







Jt -» 


cosy, 


— 


JL • 


cos a, 







1, 


COS /}, 


cos a, 


— 


1, 







cos oj, 


o, 


°> 




o, 






-1 


1 COS CO 1 




1 




1 








"~*~" 1— III— t 

p r 










7 J 








i, 


-1 


-? 


COS 


y> 


COS 









i, 


COS 


y» 


— 1 


? 


cos a 






i, 


COS 


A 


cos a, 


• — *~ 


L 







0. 



0. 



(66) 



If we denote the radii of the pairs of tangent circles by (p, p) (p D p\) (p 2 , p 2 ) 
(p& p'&)> we have, by (49) 

i i _i i i_. i i jl_ 
__+-- — + -+ + •--- + + 3 

P P Pi Pi P% P% Ps Ps 

a theorem first given by Mr. Cox. — ('Quart. Journ, Math./ vol. 19, 1883, p. 99.) 
45. Let (5, 6, 7, 8) denote a system of circles formed by taking one of each pair of 

tangent circles of the system (1, 2, 3). This can be done in sixteen ways : — We may 

show that eight of these sixteen groups are touched respectively by eight other 

circles. 

Let z be the circle which touches the group (5, 6, 7, 8): let z touch 5 internally and 

(6, 7, 8) externally ; then, since 

n M4,l,2,3\ 

U 5, 6, 7, 8/ ' 
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we have, giving x the successive values 4, 1, % 8 :■ 



A 1 cos o)^ 4 = 

A x cos c^i— 
A x cos cy^ a = 

Aj COS 0)^3 = 



4 



A 3 — A 3 cos y— A 4 cos /J 

A 2 COS y + A 3 «— A4 cos a 

A 3 cos /J— A3 cos a+A 4 



where 



A — 

«0- 4 *-"" ra 



A x = COS 6)4,5 — COS CU^g— COS 6)4,7— COS 6)4,5 

■ cos o) 4i6 + cos w 4)6 — cos 6) 4 , 7 — COS 0) 4)8 

> COS 6)4,5— COS 6) 4}6 + COS 6)4,7 — COS 6) 4>8 

• cos 6) 4j5 — cos. 6)4,3 — cos 0)4,7+ cos 6) 4 , 8 j 



r 



But we also have 



ni 



z, 4, 1, 2, 3 



0, 



Therefore 



A 3 +Ao cos 6> M +A 3 cos o) 3) £+A 4 cos6) 3)0 +4 cos w 4) .= e 



8 



(66*) 



Hence we must have 

16— A 1 S +A 2 S +A 3 3 +A 4 2 — 2A 3 A 4 cos a— 2A. 4 A 3 cos /3— 2A 2 A 3 cos y=0 : 

which may be written 

16 + 2 cos 2 6) 4}5 (l — cos ex— cos/3— cosy) 
+ 2 cos 2 6) 4)6 (1 — cos ot+ cos /3+ cos y) 
+ 2 cos 2 6)4,7(1+ cos a — cos /?+ cos y) 
+ 2 cos 2 a>4 s8 (l + cos a+ cos j8— cos y) 

+ 2(1— cos a) cos 6) 4?5 e cos a) 4?6 — 2(1+ cos a) cos 6) 4j?9 cos 6) 4 , 8 

+ 2(1— COS /?) COS 6)4,5. COS 6) 4 , 7 — 2(l+ COS /3) COS 6) 4 , 6 , COS 6) 4 , 

+ 2(1— cos y) cos 6)4, 5 . cos <*> M — 2(1+ cos y) cos oj 4 , 6 . cos 6) 4}7 

Referring to (65) we see that this equation is satisfied, provided we choose the 
groups of circles so that 

cos 0)4,5, cos 6) 4}6 . cos 6) 4j7 , cos 4?8 is positive. 

Thus if we denote the tangent circles of the system (1, 2 3 3) by the symbols 
(r, r ), (r l3 tJ, (r 2 , r 2 ) ? (t 3 , t' 3 ), where r 3 r 1? r 3 , r 3 correspond to the positive values 
of cos 6) ? cos 6) 1? &c, as given by (65), then we see that the groups 
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T ? T l> T 2? T 3 

T ? r l? T 2? T 3 

T ? T 1? T 2? T 3 

T 3 T 1? T 2? T 3 



f r r / 

T 3 T 13 T 23 T 3 



T j r 1? T 23 T 3 



T , T 



13 T 23 T 3 



T , T 



13 '23 '3 



are touched by circles S, S x , S a , S 3 ; S', S'^ S' 3 , S' 3 . Also each of these circles, S say, 
touches r internally and the others externally ; and if S touch the group r, r l9 r 2 , r 3 , 
and S' the group r , r l9 t' 2s r' 3 , then S' is the inverse of S with respect to the 
orthogonal circle of the system (1, 2, 3). These circles are usually called Dr. Hart's 
circles. 

46. We can easily deduce from formulae (66) that 



S, S' cut (1, 2, 3) at angles y8 — y, y—a, a — /3 

S 1? B\ „ (1, 2, 3) „ 0-y, y+a, a + /3 

S 35 S' s „ (1, 2, 3) „ (3+y, y~*, a+/3 

S 3 , S' 3 „ (1, 2, 3) „ ft+y, y+a, a— ft 



> 



. (67) 



Also, if the angles of intersection with the orthogonal circle of (1, 2, 3) of the pairs 
(S, S'), &c, be 7x, m L , m. 2 , ct 3 , we shall have 



COS 2 OT 



:4 sec 5 . COS (S' 

cos 2 tar 1 =4 cos 5 . sec (s< 
cos 2 TiT 3 =4 cos s . cos (s- 

= 4 COS 5 . COS (^ 



COS 2 cr 3 



■a) . cos (s' 
a) . cos (S' 
•a) . sec (s- 
■a) . cos ($■ 



■/?) . cos (s 
•0) . cos (s- 
/3) . cos (s- 
•fi) . sec (5- 



■r) 

■r) 

t) 

7) 



Referring to § 40 we see that if the given circles (1, 2, 3) intersect in the points 
P, Q, R, P', Q', R', and the circle (P, Q, R) cut the orthogonal circle to (1, 2, 3) at 
the angle co, then 

cos w= 2 cos co. 



Hence, if p, p f be the radii of the circles S, S', and li, R' the radii of the circles 

(P, Q 5 R), (P', Q', RO, then 

1 1 \ 

(68) 



1 _1 



21 



R K'. 



Similarly each pair of Dr. Hart's circles is connected with a corresponding pair of 
the circles which can be drawn through the points P, Q, R, P', Q', R' by a formula 
which is analogous to that which connects the radius of the nine-points circle of a 
plane triangle with the radius of the circum-circle. 
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Three circles produce, as may be seen by drawing a figure, four pairs of triangles, 
each pair consisting of a triangle, and its inverse with respect to the orthogonal circle. 
Thus, supposing a, f$ } y are the angles of the triangle P, Q, R, the angles of the 
triangle P\ Q', B/ are either a, j3 } y or else tt— ot } n— /3, rr—y* Again, the angles of 
P', Q, It are a, 7T-— /?, it—y. Hence, having obtained the formulae for the radius of 
any circle connected with a particular triangle, we can easily obtain the formulae for 
the other circles. It is also evident that there must be eight circles corresponding to 
the circum-circle, and eight circles corresponding to the nine-points circle of a plane 
xrictxiti' i e« 

Chapter V, — Power- Coordinates. 

Definition.— H 47-50. 

47. We have already seen that any circle (straight line or point) is completely 
determined when Its powers are known with respect to any four circles which have 
not a common orthogonal circle. Hence, given four such circles, which may be called 
the system of reference, any multiples, the same or different, of the powers of a circle 
(straight line or point) with respect to them, may be defined as Its power-coordinates. 

We shall find it convenient to denote the coordinates of any circle by fy^co ; the 
coordinates of any point by xyziv ; and the coordinates of any straight line by \fivp. 

If a, /3 be the Cartesian coordinates of the centre of any circle whose power- 
coordinate with respect to a circle be £; if a, b be the Cartesian coordinates of the 
centre of the latter ; and R, r be the radii of the two circles : we shall have 

£ oc (*-a)*+(l3-b)*-W-i* ; 

so that the power-coordinates of any circle are quadric functions of a particular form 
of the Cartesian coordinates of the centre of the circle. 

Similarly, if x be the power-coordinate of a point whose Cartesian coordinates are 

^cc(a— a) 2 + (/3— 5) 2 — r 2 ; 

or the power-coordinates of a point are quadric functions of a particular form of the 
Cartesian coordinates of the point. 

In the case of a straight line, whose Cartesian equation is 

x cos oi-\-y sin a=p, 

we shall have 

X ccp-~a cos a — b sin a. 

Thus the power-coordinates of a straight line are linear functions of a particular 
form of what may be called the Cartesian coordinates of the straight line. 
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48. If 6 denote as previously the line at infinity, and the system of reference be 
denoted by (1, 2, 3, 4), then P being any point; since rr^ e =l, 7rj> jP =0, Ave see that 
the coordinates of P must satisfy : — 
i. a homogeneous quadric relation, 

\P,1, 2, 3, 4/ ' 

ii. a non-homogeneous linear relation, 

/P,l, 2, 3,4\_ Q 

\0 9 1, 2, 3, 4/ 

Let us suppose that xyziv, the coordinates of P, are given by 

x=k l .ir Ptl ; y=k 2 .7r ?i2 ; 2=/%.7r P>3 ; w=k h .TT FA ; 
then xyziv must satisfy the relation, which is called the absolute :— 



xjj(x, y } z, id) 



y 



I 



n 



tVa 



% 



to 



o, 

X 

K 

y 

!*> ^l? ^2,^ n 2,& 7r 3,4 

/v 3 



7T 



1,1> 



7T 



1,2? 



7T 



1,3? 



7T 



1,4. 



0. . . . . . (69) 



z 



j A > ^3, U ^a* ^"31 3* 



rr 



3,4 



'3 
W 



h 



'> ^4,i» ^S' ^S* 



7T 



4,4 



i 



Then the relation (ii) may be written 






or 



3-v/r 3-vir 3-dr . 9^ 



3A 



2 



'3 



a*. 









. . . (70) 



where K is some constant. 






49. Similarly if S denote any circle, since Tr S|fl =l, we see that its coordinates 
(£, 17, £, co) must satisfy the linear relation 



or 



... ... / ^Jj -L, «, t-', Tfc \ ,~ 

\cs 1, 2, o, 4/ 

* [If we write ty (x, 1/, a;, w) === (jh,i> a i.2> • • •) ( x > 2/> z > W T> ^ en we s ^ a ^ have, 

K 2a ]' l :J C t = &c.— October, 1886. ] 



(71) 



VI, 2, 3, 4/ \2, 3, 4/ 
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50. Again If L denote any straight line, since tt Lj0 =O 3 and ir L8L = — 2 ; we see that 
its coordinates (X, //,, v } p) must satisfy, (i) the homogeneous linear relation, 



±J, 1; J/, } 4z 

0, 1, 2, 3, '4 



or 



d\ 






and (ii) the non-homogeneous quadric relatioi: 



J-J« X, ^J, O, 4 \ . 

' 1 = 0, 

.Lj« X« <*w« O. ~r/ 



i, _L ? 



or 



\p(\, [i, v, p)=— K 



© © © & 



f / Zl S 



(73) 



27&e Cirofe.— §§ 51-55. 
51. Let P be any point on a circle S, then 7r S}P =0 ; hence the equation 



leads to 



/P 1-2 3 4\ 

TT / \ — A 

\S, 1, 2, 3,4/ ' 

Bilr , 3\Ir , 3\Jr , 3i/r 



« 



8 9 



(74) 



Thus the equation of a circle is of the first degree. 

It follows that the general equation of the first degree 

represents in general a circle, whose coordinates are given by, 

dyfr d\fr dty d^r 

d% drj 9£ ___ 3o) _ K 



© 9 



• O 



■ ( 75 ) 



by equation (71). 

52 Given any two circles whose coordinates are (£ 77, £, g>), (f, 77', £', w ') ; their 
power TT is given by 



or 



77". 



S, J, 2, o, 4 

III ™, -j a v a '~~~ ^' 



9i/r ,8^ 3i/r ,3^ 



77 



9? 



&) 






>- 



& J 



« © 



(76) 
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In particular the radius of the circle ^>?£w is given by 



or 



r*.K=x},(Z, v , £, <o) (77) 



53. Hence the radius of the circle 



is given by 



ax + by + cz + dw = , 



«1,1> 


a l,2' 


a l,3? 


a l,4> 


a 


a '2,l' 


a 2, 2? 


a 2,3> 


a 2, 4? 


b 


a 3,l> 


a 3,2> 




a 3, 4? 


c 


a 4,l? 


a 4,2> 


%, 3? 


%, 4? 


d 


a, 


6. 


c, 


d, 


Mr 3 



where 



M: 



4 
K 



(a£ x + 6& 2 + c h + ^d) 2 ? 



= 0;. 



(78) 



and a hl , a h2 , &c. ? are the coefficients in the equation to the absolute, so that 

^j(xyztv)^a hl x^+a 2 ^y 2 + . . . +2a lf2 #y+ • • • = 0« 
54. Again the power of the circle (fy^a)) with respect to the circle 



ax + 6y + cz + ^ — , 



is clearly given by 



77 



ah x 4- 6& 3 + c7s 3 -f c£7c 4 



• (79) 



55. And again the power of the two circles 



is given by 



where 



ax -\-by -\~cz -\-dw = 0, 
ax + b'y + cz + d'tv = 0, 

a l,l' a l,2> a l,3> a l,4> a 
a 2,l> a 2,2? a 2,35 a 2,4? ^ 



a 3,l' a 3,2? a 3,3> 



a 3,45 C 



C/ 4,l> %,2? a 4,3> a 4,4? ^ 

a', &', c', d' \ M 



7T 



2 
K 



0; 



3 TT 2 



(80) 
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Whence, if the two circles cut at an angle <£, we have 



COS</>: 



wh 



ere 



M*(a, b, c, d) = — 



,3¥ 7/ 3^ , ,3* , 7/ 3^ 

a' 3- -f o -~ 7 - + c 3- + a -5-7 
da do dc d<x 



%,1? a l,2» a i»3? a h& a 
a 2,l5 %,2? a 2,3> €l %& V 



a 



3,1 5 



a 



4,1' 



a, 



a 3, 2> a 3, 3? 



a 3j4 , c 



a 4,2? ^4,3> a 4,4? ^ 



&, 



C. 



<*, 







e e 



(81) 



27ie straight Line.—§1 56-58, 



56. Proceeding a,8 in § 51, we see that the equation to the straight line, whose 
coordinates are (X, /x, v, />), is 



But by equation (72) 



hence the equation 



dylr , 3^ , 3^ . dyfr 
d\ dfM u dv ' dp 






a e 6 $ 



dx 



d 



p 



d 



V 



aa5+6y+c3+c?i0=(), 



( o^ ) 



will represent a straight line, provided that 



l +bh 9) +ch^d\—0 ; 



& * a 



(83) 



and if this condition be satisfied the coordinates of the lines are given by. 



d\jr d-\fr dy]r dyfr 



3A- ___ dfi _ dv 



a 



where 



A 



c 



dp 

"T 



Zi 



/-k: 

y - w 



' J. x. « L*\ 



& B 



« & 



(84) 



a 



1,1> a l,25 a l,3? a lA 



a 2,l> a 2,2* a 2,3> a M 



a 



3,1? a 3,2? ^3,3? a 3,4 



^4,1? a 4,2^ a 4,3? a 4,4 



md ^ denotes the same expression as in § 55. 



p? 
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57. The power of the straight line 

ax-\-by-j~cz~\-chv=0, 

and the circle (f, rj, £ ? to) is given by, 

b 3x ' '3^ ' b 3*> ' dp 



# T7* A 

= 2 /v/ ^^'(af+^+^+^w) (85) 



And the loci represented by the equations 



ax-\-by-\-cz-]-div=0, 
a f x + b 'y + c^ + ^'w ^ > 

intersect at the angle </>, given by 

,9* . 7/ d¥\ ,9^ , 7/ 3^ 

» i oa do oe da /o „ x 

COS d>= — f -^=======^^ ...... (86) 

58. The coordinates of the line at infinity are k l9 k 2 , Jc^Jc^; hence the equation to 
the line at infinity is 

3i/r 3^ 3i/r ^— A 



The Point— H 59-61. 
59. The power of the point (xyzw) with respect to the circle 

is 



a\ + M 3 + c h + ^t* 



But if the equation represents a straight line, then we see that fche perpendicular 

on it from the point 

= (ax-\-by-j-cz+div) /yAZ-. # ....... (87) 



60. The power of the two points (xyziv), (xy'zw) is given by equation (76) 

^ r d^Ir , 3ifr 3iir 3i£r 
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Hence, if 



\}j(xyzw) ~ a Xi , x 2 + 2a lf 3 ^;y + 



the distance S between the points is given by 



— 8 2, .'K=a hl (x— a/) 2 +2a 1}2 (cc— x')(y-— ■;/)+ 
=i/f{« / r — 05^ y—y\ z—z', w—w'}. 

Thus, if Ss be a small element of arc, we shall have 



9 a a o 



(88) 



K.(Ss) s =i/f{8#, 8j/ 3 §z, Siv 



x 



§ a 



(89) 



61. If P, Q, R be any three points, then by equation (15) we have for the area of 
the triangle 



2 



16{A(P, Q, R)} =II| 



e, p, q, ir 



and by § 8 



10, P, Q, E\ /I, 2, 3, 
\# P, Q, E/ \1, 2, 3, 



P 

4, 



II 



l/j I. 5 \<Xj, 1\i 



2 



I \1, 2, 3, 4/J ' 



Hence if (x^/^^), {w^y^iv^), (x$y$>$w$) "be the coordinates of the points P 3 Q, E 
referred to any system of circles (1, 2, 3, 4) we shall have 



f i 



i? 






9 ■> 



ry* 



o- 



A- 



2/l> 2/2. &J> & 



2 







1? ^2? 

7^-, , W 



7 
<> 5 



l 3 



2? W ?>> 



IV 



(90) 



where. 



^V^VV-ni 



J- j ^, o, 4 






Coordinate Systems of Reference.—^ 62-66, 

62. There are two systems of circles which are convenient as systems of reference 
(i.) a system consisting of four circles cutting one another orthogonally/" (ii.) a system 
of two circles cutting orthogonally, and their two points of intersection. The former 
has been called the " orthogonal " system, and was first used by Bakboux, ' Sur une 
Classe remarquable de Courbes et de Surfaces algebriques' (Note X,, 1878). The 
latter system might be called the "semi-orthogonal" system; it is mentioned by 
Mr. Homersham Cox in the paper " On Systems of Circles and Bicircular Quartics 7? 
('Quart Journ. Math./ vol. 19, 1883, p. 116). 

* [Casey uses five orthogonal spheres — " Cyclicles " (1871), p. 600. But the first use of four mutually 
orthotomic circles was, I believe, by Clifford in a series of questions proposed by him in the i Educa- 
tional Times' for 1865-6. See Reprint, vol. 6.— October, 1886.] 
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63. In the case of the orthogonal system it is most convenient to take the constants 
k l9 k 2 , & 3 , k [{ equal to the reciprocals of the four radii, so that the equation to the 
absolute is 

\jj(x, y, z, t^)^^ 2 +2/ 2 +#+u^=0"" 

and K=-—4 v ...... . (91) 



64. In the case of the semi-orthogonal system (see § 29), if r 1? r 2 be the radii of 
the circles, e the distance between their points of intersection, it is convenient to take 



1 1 1 

fC , — . ■ /Co ^— '■ , /Co ^- /C i ^^ . 

-I- ryt J *J At ° 'J- p 

1 & 

We shall have 



t//(«x, y, z, w) ~ x 2 -{- y* —- 4zw 

K^-4 
M^a, &, c, cZ) = a 3 +& a — cd 



> . 



(92) 



65. Thus the angle </> at which the loci 



intersect, is given by 



cos <f) 



or 



ax -\-by ~\-cz -\-dw =0, 
ax + Vy + c'z + dfio = 0, 



V^ + & 3 + c 3 + ^)<V 3 + 6' 2 + e' 3 + d!^ 



COS 0= — 



a«/ + &&' — £(c#' + c'd) 



V / (a 2 + 6 2 -cdXa >8 + & /2 -c / d 7 ) J 



according as the system of reference is the "orthogonal" or the "semi-orthogonal" 
system. 

66. Occasionally it may not be convenient to take for system of reference either of 
the systems just considered. In some cases, however, the equations may be simplified 
by referring the coordinates of a point to one system of circles, and the coordinates of 
any line or circle to the system cutting the former system orthogonally. Thus, if the 
system of reference be (1, 2, 3, 4), and (5, 6, 7, 8) denote the system orthogonal to 
this, then taking Jc 1} /%, k 3 , \ equal to unity, the equation of the circle (or line), whose 
coordinates referred to (5, 6, 7, 8) are f, 77, £, oj, referred to the system (1, 2, 3, 4) is 



XP . 7)1) , z% , WCO 



7T 



The equation 



1,5 



77"o 



,6 



7T 



3,7 



IT 



4-,8 



aas + by + c^+ cfop = 
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will represent a circle whose coordinates are 

5-^Z~— y-% ■^z Arc* * 

a + b + c + d 9 ' " ' 3 
unless a+fr+c-j-d^O, in which case the equation represents a straight line 



Inversion.—^ 67 , 68. 

67. Let xyzw be the power-coordinates of any point P with respect to the system 
of circles (1, 2, 3, 4); let P' be the inverse of P with respect to any point ; then 

since by § 8, —y=^=== is unaltered by inversion, it follows that, if XYZW be the co- 

ordinates of P' referred to the system which is the inverse of (1, 2, 3, 4), we must 
have 

x—olX, yzri/SY, z^yZ, w=8W, 

where a, /J, y, 8 are some constants. 

Thus if the equation in power-coordinates of any curve he f(ocyzw)=0 > the equation 
to the inverse curve will be f(aX. } /3Y, yZ, SW) = 9 

68. The system consisting of two rectangular axes, the point of intersection, and 
the line at infinity, is clearly the inverse of a system of two orthogonal circles, and 
their two points of intersection, the centre of inversion being one of these points, 

For instance, the equation of a parabola expressed in power-coordinates is clearly 

X 2 =2aYZ. 

Hence the equation to the inverse of a parabola is of the torm 

x, y having reference to the orthogonal circles, z, w to their two points of inter- 
section. 

Similarly the equation to the inverse of a central conic must be of the form 

ax l -\-/3y z =yz*, 

a, j3 having the flame or different signs according as the conic is an ellipse or 
hyperbola. 
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Chapter VI. — General Equation of the Second Degree in Power- 
Coordinates. 

Nature of the Curve.— §§ 69, 70. 

69. The most general equation of the second degree in power-coordinates may be 
written 

<j)(x, y, z, iv)^ax^^by^+cz^^div^+2fyz+2gzx+2hxy^2lxio+2myw+2nziv=0, (93) 

(xyzw) being the coordinates of a point on the curve, referred to some system of 
circles, and therefore satisfying the equation of the absolute \jj, which is also of 
the second degree. Consequently the form (93) contains only eight arbitrary 
constants. 

Now xyzw may be expressed as linear functions of X 2 +Y 2 , X, Y, 1; (X, Y) being 
the Cartesian coordinates of the point; and substituting, it is easily seen that (93) may 
be expressed in the form 

(X 2 +Y 3 ) s +U 1 (X 8 +Y a )+^2=0, ....... (94) 

U l5 U 2 being of the first and second degree ; this equation contains eight constants, 
and since (94) represents a curve having nodes at each of the circular points at infinity, 
it appears that (93) is a form to which every bicircular quartic can be reduced. 

70. It is otherwise evident that, since the equation of a straight line is of the 
first degree, every straight line cuts c/> in four points, unless <f> is satisfied by the 
coordinates of the line at infinity ; for these coordinates satisfy the equation of every 
straight line, and therefore in this case <£ must represent a circular cubic and the line 
at infinity. 

Equation to Tangent at any Point.- — §§ 71, 72. 

71. Let (£*?£<*)) be the coordinates of any circle touching the curve <£ at the point 
(x'y'zio). We must have, by equation (74) 

3f Sf Sf Sl}r , 

and since this passes through the point (x'-\-hx\ y-\-hy\ z-\-hz, iv-\-hw) we must 
have 

8£ ^ 3v y 3£ ™ ' 

MDCCCLXXXVI. 3 X 
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also 

Ouf Out Ovf * Oifr 

^ Sx + ^7 8 y + t~7 82' + ~: 8w' = . 

dx dy' J m dto' 

% Sx ' +rv V +d i Sz ' + lty 8w -°- 

Hence Ave must have 

3^ 3^ 3-^ 3i|r 

3? 3?7 3f dco /nr \ 

— . _ ^ — . ^ ^ (95) 



ox' ' 3a/ dy' ' dy' dz' l dz dw' dw' 



a <* 



and every circle whose coordinates satisfy these equations must touch the curve <£=0, 
at the point (xy'z'iv). 

72, Let (kfjivp) be the coordinates of the tangent at the point (x'y'zw')> then, we 
must have 

3^r dyfr d^r dty 



d\ __ dfju __ 3^ __ 3p 



da/ da/ d^/ d# 02; ds aw dt# 



e e 



(96) 



but, by § 56, we must have 



di/^ oij^ 1 d^ - oi^ 1 

1 3\ ' 2 d/ju 6 dv ' Jj 3/> ? 



where (/%, & 2? jfe 3 , /%) are the coordinates of the line at infinity ; hence, if k be 
determined by the equation 

3 3 3 3 \ 

^i^+h^+h-^+k^J(i>+^)—0; . . ■ . . . (97) 

then the coordinates of the tangent to the curve are given by (96), and the equation 

to it is 

3 . 3 . 3 4 3 

v 

or 



x da/ +y dv' +Z M +W a^)(^+ ; W') ==0 ' 






, 3^ l7 9+ . ■, 3^ . 7 3^\/ d6.d6.d6, d6\ , ,, 

1 dx * dv' ° dz l ow f \ dx' J dy' dz' dw' v ; 
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Bitangent Circles. — §§ 73-75. 
73. A circle 



will clearly touch the curve <f> at the point x'\ y", z", w" if 



dx' dx f m cy f ' . di/ dzf dz / dw dw / # 

dx" * dx" dy" ' dy" dz" ' dz" dw" div 



// 



i.e.., if k satisfy the equation 

'Bl($-\-1c$)=0 9 (99) 

where H(t&) denotes the Hessian of u. 

Since this equation is of the fourth degree in h 9 we infer that there are in general 
four systems of bitangent circles, each circle belonging to any system cutting a certain 
fixed circle orthogonally, the coordinates of this circle being proportional to the minors 
of the constituents of any row of the determinant !!(</>+ /a//). 

74. If the coordinates of a bitangent circle satisfy the condition which must be 
satisfied by coordinates of any straight line, the corresponding equation will represent 
the double tangents from the centre of the corresponding circle. In general, then, 
there are eight double tangents. 

75. It is clear that, if by any linear transformation of coordinates the equations 
<£z=0, \fj=Q become respectively *=0, ^~0, then the same value of k must satisfy 
both 

H(<£ + fo/i)=0 and H(*+M>) = 0. 

Hence the coefficients of the powers of k in equation (99) are invariants. 



Equation to Normal at any Point. — §§ 76-79. 

76. Let (^rj^co) be the coordinates of any circle which cuts the curve <f>(xyztv)=z0, 
orthogonally at the point (xy'ziv), then by equation (75) we must have 

^+^+fe+ w ay^+^) =0 > ( 10 °) 

for all values of h 
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77. It follows that if (A., jjl, p } p) be the coordinates of the normal at (xy'z'id) we 
must have 

3$ 90 90 dcj> 

ox t an o% r ov 



no 



dty dty d^Jr 3^ 



and 



9-^ 9^ 3\|r 3^r 

A 3^ +/x K +v dk s +p dk, 



o 



(& l5 Jc^ Jc 3 , h h ) being the coordinates of the line at infinity. Hence the equation to the 
normal is 



3-^ 


d^r 


3^ 


dx 3 


dy' 


dz> 


30 


dcj> 


d<f> 


dx n 


dy" 


dz" 


d^r 


dty 


dty 


dx n 


dy" 


dz" 


dty 


d\js 


Oijr 



div 

30 

div' 

d\fr 

dio' 

dyfr 

dkj 9 3V dk s 9 3^ 



0. 



e « 9 



e 



(101 



78, We can easily deduce from equation (101) that normals can be drawn from the 
point (xyzw) to the curve <f>=0, at its points of intersection with the curve 



90 

dx' 
x' 



zs 



oty 



X 



n 



dyfr 



90 
dy 


dcj> 

dz' 


90 

d'W 


9i/r 

dy' 


dyjr 


dty 
d'W 


d^r 
dy" 


d^r 
dz" 


d^r 

dw' 


dx[r 


cyjr 


df 



av 



av 



a*. 



o. 



G a o 



e © 



(102) 



This curve is clearly of the second degree, but since it is satisfied by (/%, & 3 , & 3 , & 4 ) 
the coordinates of the line at infinity, it represents a circular cubic. Hence, in general, 
eight normals can be drawn from any given point to the curve. 

79. In the case of a circle cutting the curve <^=:0, normally at the point (x'y'z'w'), 
we shall have 



,30 ,90 ,90 ,90 

x dj + y'dr } +z w +w ^ =0 ' 

,dyfr , ,dylr- . , 9^ , dyfr 
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If then (£t?£co) be chosen so that 

3<£ dcf> d(f> dcj> 

3f _Jdrf _3£ 3&) _7 

3\Jr 3-^r 3\/r 3-^ 
3£ 3t; 3£ day 

the circle (£r}£>o>) will cut the curve (/> orthogonally in four points, and we see at 
once, that h must satisfy the equation 

H(ff £*/>)- 0; 

and then (fty&w) are proportional to the minors of the constituents of any row in the 
determinant H(<£+&i//). 

Thus it appears there are four circles which cut the curve </>=0 orthogonally : and 
these circles are identical with the four which are mentioned in § 73, as being 
orthogonal respectively to the four systems of bitangent circles. 



The Principal Circles.— ^ 80-82. 

80. The four circles considered in § 79 have been called by Moutakd the principal 
circles of the curve. And the curve may be considered as the envelope of a system 
of circles, which cut one of these principal circles orthogonally : it follows then that 
the curve is its own inverse with respect to any one of the principal circles (hence the 
principal circles must cut orthogonally) ; also the four points in which any principal 
circle cuts the curve must be cyclic points ; so that there are in general sixteen cyclic 
points. 

81. We may prove independently that the principal circles cut orthogonally, thus ; 
taking for our system of reference an orthogonal system, so that the equation of the 
absolute is 

i//EECC 2 +?/ 2 +^ 2 +^ 2 —0 ; 

then the coordinates of any principal circle being (c^eo) we must have, if 

<£ = ax? + % 3 + oz 2 -f d w ^ J r %fy z + 2gzx + 2 hxy + 2 Ixw + 2myio + 2nziv = ; 



a^+hrj+g^l co=—k£ 



9^"\"f r }"\" c 'L J r n co:=: — ^£ 



s* « • » * « » * • \ j~\J O I 



-^ 
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where k is a root of the equation 



ci -p k; 


h, 


9, 


I 


i 


o "T" k, 


f> 


m 


9> 


f, 


C*-j— rCj 


n 


J 


in, 


n, 


d"Y k 



0. 



Let now (^V£ /&) ^ e ^ ie coordinates of the principal circle corresponding to another 
root ¥ of this equation; then, multiplying equations (102) respectively by (fV£V) 
and adding, we obtain at once 

Hence, if h 9 k f be unequal, the two circles must cut orthogonally. 

82. If the curve have four principal circles— i.e., if the roots of the discriminating 
quartic H(<£+&i/f) = are all different, the curve cannot have a third double point — for, 
inverting with respect to any principal circle, the Inverse must also be a double point, 
unless the point lies on the principal circle ; since then a quartic curve can have but 
three double points, in the case of a bicircular quartic, the third double point must lie 
on each principal circle. Hence two of the roots of the discriminating quartic must 
be equal, and there are only two principal circles. 

Similarly, if this third double point be a cusp, it Is easy to see, by Inverting with 
respect to a principal circle, that any circle touching the tangent to the cusp at the 
cusp must touch the principal circle ; and hence there is only one principal circle, and 
the discriminating quartic must have three equal roots. 



Reduction of General Equation.— §§ 83, 84. 

83, If one of the principal circles be a circle of reference (say x=0) 9 then It is 
clear that the terms involving xy, xz 9 xw 9 must be absent from the equation. 
Supposing, then, that the equation H(<£+^/>) = has all Its roots unequal, then there 
are four principal circles, and taking these for circles of reference the equation must 

reduce to the form 

ax? + % 2 + cz® + div 2 ' — . 

Suppose, now, that two of the roots of the discriminant are equal ; then taking the 
circles corresponding to the unequal roots, and tw r o circles cutting them orthogonally 
as circles of reference, the equation will be of the form 

aa? +% s + c £ 3 + dw 2 -±-2nzw=0 ; 

and the system of reference being orthogonal we have for the absolute 

x 2 -\-y®~\-z 2 -\-w < *=0 ; 
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and, therefore, the discriminant is 

(k + a)(h+b){(k+c)(k+d)~tir}^=0, 

which can only have equal roots when 

(c+clf-icd+n 2 =0. 

If n be real this can only be satisfied by w=0, c=d. 

But of our four circles of reference one must be imaginary; if one of the circles 
{pCy y) is imaginary n will be real, and our equation will reduce to 

a# 2 +% 2 + c 2 2 + c w 2 ==0, 

which represents a pair of circles, and need not be considered. 

If both circles (x, y) are real, then it is simplest to take as system of reference, these 
circles and their two points of intersection. So that the absolute is of the form 

x*-{-y 2 =4zw 9 
and the discriminant becomes 

(Jc+a)(k+b) {cd-(2k-ny} = ; 

and, then, if this has equal roots, either o=0 or d=0 ; and the equation takes the 

form 

a# a + by 2 + C2 3 + 2nziv=0 } 

which, by means of the absolute, may be written 

ox 2 -\-by <;i -{-cz 2 =0. 

Let us suppose now that three of the roots of the discriminant are equal ; referring 
our coordinates to the circle corresponding to the unequal root, and any three circles 
cutting it and one another orthogonally, the equation of the curve will reduce to 

ax 2 + by 2 + c^ 3 + duP + 2fyz + 2myw + 2 nz>w= ; 

and the discriminating cubic is 



(h+a) 



k+ b, f 9 m 

f 9 &+c, n 

m, n 9 k-\-d 



0, 



which we can easily prove can only have three equal roots when 

f=m=n=.Q, b=c=d ; 

provided that f> m, n are all real, in which case the circle -x=0 is imaginary. 
In this case the curve takes the form 

ax 2 + by 2 + bz z + bio 1 = , 
which represents a point. 
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If, however, x=0 be real, we may take as system of reference this circle, a circle 
cutting it orthogonally, and their two points of intersection ; then, since the absolute 
is of the form 

the discriminant becomes 



(yfc+a) 



x*-\-y % - 


= 4&w, 


^+^ f> 


m 


J> G ) 


n — 2k 



m, 



n — 2k, d 



0; 



which can only have three equal roots when 26=— n, m=d=0 ; in which case the 
equation of the curve takes the form 

ax^-\- hy 2 —4:bziv-{- 2fyzA r c$-=- 0, 

and by taking instead of y=0, the circle y-\~\z, which clearly cuts x orthogonally, we 
can get rid of the term C2 2 * 



since 



x*-\-y"-=>kzw 9 



this equation can be further reduced to the form 

ax?-{-2fyz=0. 

84. Thus we see that the equation of a bi-circular quartic can be reduced to one of 

three forms : — 

(A.) a^ s +% 3 + c ^+^ 2 =05 

in which case there are four principal circles, the equation of the absolute being 

x*~\-y*-\-z 2 -t-w*=0. 

(B.) ax 2 -\-by*-{-cz*—Q, 

the equation of the absolute being 

x*-{-y*—4:Zw, 

in which case there are two principal circles, which must be real., and a node which is 
one of the points of intersection of these circles, 

(C.) ax 2 + 2fyz=0 9 

the equation of the absolute being 



In this case there is only one principal circle (#=0); the curve passes through the 
two common points of (x, y), and the point (x=0 9 y^Q, z=0) is a cusp on the curve. 
It. is also clear that circular cubics can be reduced to one of these three forms : 
since we have seen that the equation of the second degree represents a cubic when it 
is satisfied by the coordinates of the line at infinity, 
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Chapter VII. — Classification of Bicircular Quartics. 

i. Method, — § 85. 

8 5. It will be convenient to take as the basis of our classification the nature of the 
roots of the discriminating quartic ; we shall thus have three species, each of which 
may be subdivided into two— according as the double points at infinity are nodes or 
cusps. We shall then have three similar species of circular cubics. 

Using the notation employed by Salmon (' Higher Plane Curves/ § 82), we shall 
denote the characteristics of a curve by (m, n> 8, r, k, i), and we see that we shall have 
the following cases :- 



3C» . 


m 


n 


8 


T 


K 


• 

% 


Name. 


<• 

1. 


4 


8 


2 


8 





12 




• • 

11. 


4 


6 





1 


2 


8 


Cartesian 


... 
111. 


4 


6 


3 


4 





6 




iv. 


4 


4 


1 


1 


2 


li 


Limagon 


v.. 


4 


5 


2 


2 


1 


4 




vi. 


4 


3 








3 





Cardioid 


vii. 


3 


6 











9 




mi. 


3 


4 


1 








3 






3 


3 








1 


1 





(i.) may be called the general bicircular quartic ;• (hi.) is the general inverse of a 
conic; (v.) is the inverse of a parabola; (vii.) may be called the general circular 
cubic ; (viii.) is the inverse of a conic with respect to a point on the curve ; and (ix.) 
is the inverse of a parabola with respect to a point on the curve. 



General Bicircular Quartic. — SS 8.6-92. 

86. The equation of the curve may be written 

a# 2 + % 3 + C3 2 + dvfl= ; 
and if we write the absolute 

1111 
the coordinates of the line at infinity will be -, -, -," T , i.e., the reciprocals of the 

. r l r 2 r S r 4: 

radii of the principal circles. 

87. The coordinates of any tangent circle at the point (x'y'z'ui) will be proportional to 

(a+k)x\ (&+%', (c+h)z\ (d+k)v/. 
mdccclxxxvi, 3 y 
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The equation to the tangent at the point is 3 by equation (98 



(x x+y y-f-z z-f-iv w)\ — + — .+.~~+"~~ 

\ 1 2 8 4< 



/ . „. / * 



^ i ?/ ' z ~ i ^ 



(a#'#+ 'ty'y "+" #&'#+ dww) 1 -7+7 + 7" + 7" )• 



*V ^ *s ''4, 



. {104) 



The equation to the normal at the point (% f y f % f iv r ) is, by equation (101), 



/ 

1 



5/ 

1 



> "U 3 



Zy 

cz 



IV. 

10 
1 t 

aw 



JL *A» 



r 2 r 3 



■i ' 



\J » s 



» a .e #■ « 



. (105) 



88. The coordinates of any bitangent circle being (£j,-7j 9 L 0) we must have 



v 



Hence we must have 



(a — d)®' (b -~ d)y f (c — d)z 



t , v* ■ , f 3 



+r t -,+- i -;=o • 



a—d b—d c—d 



& a 



(106) 



89, The. -pair of double tangents which belong to this system of bitangent circles 
are given by 



where 



^ mi .,.„.;-„„, r ..i„. - I ;; .l„.I-_w^-. >-l_ -.1—-. ^- — - ' 

a—d l—d e — d 



r x r 3 r 8 



If <A be the angle between tbem, we can "deduce "at once """from § 65,- remembering 
that 

1,1,1,1 „ 

— L. — 4- — 4- — — • 



/l -3 , -3 U 



2' 



1 



tan <p 



9. I- '-9, - I .,- .9, I 



f 4 { (a — r rf) (&•— cl)(c — d) \ i\ a ' ' r'g ' n^ 



; 4 






i 
2 



1 



c . « » 



.. (.107) 



a-^dX'Vc? i r^J ' b — d\r^ l n 2 J l c — dXr^ r^ 



90. Since the foci may be considered as bitangent circles whose radii are indefinitely 
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small, the coordinates of the four foci belonging to the system, given by equation (106), 
will be given by 



x * £_ * Qt 



and 



whence 



a—d b—d c—d 
a^+^+fc^ ; 

t 3/ 2 _ * /|AO\ 

(b~c)(a-d)~ (c-a)(b~d)~~ (a~b)(c-d) V ; 

9L From the form of these equations it follows, that all curves whose equations are 
of the form 

and 

^ + 2/ 3 + ^ + ^ =0 . . (110) 



will have the same foci. 

Subtracting these equations, we have 



/j,2 9/2 #2 ^/;2 

^ r U. i _l ~o 



« 8 (a 8 .+.4) /3 3 (/3 2 +/^) ' 7 3 -(7?+-A) ..& 8 (S 8 + .&) 
Hence the circles whose coordinates are respectively proportional to 



x 



x y 


£ 


w 




oP /3 8? 


2? 


gs.» 




~ 2/ 


, Z 




w 



o 8 + * , --j8 8 + F" t 8 + ^ -S 8 ** ' 

must cut orthogonally; but these circles touch the curves given by (109), (110) at 
their common points ; hence confocal bicircular quartics cut orthogonally. 

Through any point, two quartics can be drawn confocal with a given bicircular quartic, 
since the equation (109) is a quadratic in h We see, too,- that two circular cubics can 
be drawn confocal with a given bicircular quartic. 

92. Let ((rty£co) be the coordinates of any circle S ; this will cut orthogonally one of 
the bitangent circles, at the point (x'y'zw') on the curve 

ajx*^byf'^c$+_<foft= 0, 
if 

(a— d)x'g+(b~~d)y'y]~{-(c--<d)z / £ t ~ 0. 

It follows that two bitangent circles belonging to this system can be drawn to cut 
S orthogonally ; and their four points of. contact lie on the circle. 

(a~d)gx+(b--d)r)y-{-(c--d)E ) z^=Q. 

3 Y 2 
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This circle intersects S in points lying on the circle 

Hence, given any circle S, four pairs of bitangent circles can be drawn to any 
bicircular quartic, cutting S orthogonally ; and their points of contact lie on four 
circles, which have with S a common radical axis. 



ii. Cartesian Oval.—$& 93, 94. 

93. If one of the principal circles has its radius infinite, the curve will be symme- 
trical with respect to the axis, which will pass through the centres of the other three 
principal circles. If the foci which lie on this axis coincide with these centres, the 
curve must have cusps at the circular points at infinity. Let us suppose the circle, 
whose radius was r 4 in § 86, to become the axis ; then by § 90, the coordinates of the 
foci on the axis will be 

o o 

x l y* %" 

(& — c){a-~ d)~~(c — a)(l— d) (a—ifa — d)' 

If these points are the centres of the principal circles we must have 

r^(h— c)(a— d)=r£{c— a)(b — d)=r£(a— h)(c— d) ; . , . (Ill) 

which is equivalent to only one relation between the coefficients, viz.:— 



J- JL JL JL J™ -A- ^ 

! ^ • — JL. « ■ = (). 



a—dr^ b—dr<f c — dr% 

since 

1 1 , 1 rt 

X & a 

Again the double tangents at right angles to the axis are given by 



<x — d b — d c — d 



— h +■■ ^o ; 

r Y r 2 r s 

which are clearly satisfied by taking 

thus one of them coincides with the line at infinity, and so there is but one proper 
double tangent. 
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94. There are two finite foci on each principal circle, their coordinates being 

respectively proportional to 

« 1 1 
0> Z> 



But they are all imaginary. 



r Z ^2 



ir? 



'o, 



s 



r a t x 



nz„ > 



> o? dtr* 



iii. Bicircular Quartzes having a Third Node. — §§ 95-102. 
95. The equation of the curve may be reduced (by § 83) to the form 



a^+^+o^—O, 



the equation of the absolute being 



x 1 -\- y* -=- izw ; 



and if r l9 r 2 are the radii of the two principal circles, e the distance between their 

1111 
points of intersection, then the coordinates of the line at infinity are -7, ~, ■-, -. 



r x r% e e 



96. The coordinates of any circle touching the curve at the point (x'y'z'iv) must be 
proportional to (£, rj, £, co), where 



f 



V 



— 2(0 



-2? 



(a + h)x f (b + h)y f cz f — 2hw f 



— — — *_. Yl19i 



and, by § 72, the equation to the tangent line at (x'y'z'iv) will be 



W . by' t cz'\, , . , , , x fat y w' + z" 

_-._l_7iL._l — j (xx +yy •— 2zw — 2wz ) = f -7 + 7 — 2 



r_ *a e 



r Y r 3 



e 



(a#a/ +hyy'+czz') ; (113) 



also the equation to the normal at the point (x'y'z'iv') will be, by equation (101), 



x, ^/j 



X , 

ax , 



1 

y 3 



2^tf, 
2t//, 



cz 



e" 



— — z# 



2 

e 



0. . 



. • 



» • . I X X ^t 1 



97. The circle (6?£ w ) given by (112) will be a bitangent circle, if h 
In the former case we have 

-2f -2oy c£-2acD 



—a or — &. 



v 



(b — a)y' + 2az f . cz f + 2aw' 2a V . * 
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Hence 



v 



3 c^ , 4*)£ rt 

•— ,«— . .. 8 - r - A 



6—* a a 



(115) 



98. The double tangents which belong to this system of bitangent circles are 
given by 



/* 



cv 2 Avp 



a a 



2 



■J^ ~—~ ^^, Q 



a 



ctdlvA 



in 2v 2p 



n> e 



0. 



6 



If (f> be the angle between them, we shall have, since 



1 1 






J, A 



tan<^>: 



a? 1 






c 



ar 



a ill- 

4 4 1 

i 



* 2 aV ae 2 b~-a$ 



1 1 10 f 



Hence these double tangents cannot coincide unles; 



a b c 

tw4«H «-—*—"■*— („!.„, < 



1 '2 ^2 



o, 



In which case, the double tangents from the centre of the other principal circle 
coincide also ; but this equation is the condition that the curve should be a cubic. 

99. If in (112) we take ^=0, we have a series of tangent circles passing through 
the node> two of these circles will reduce to straight lines 5 which will be the tangents 
from the node ; in this case we shall have 



whence 



X fM v 

ax r ^ by' 



cz' 



2p 

•t . ?■ 



a b c 



where 






r l ' r 2 e 



and the angle between them is given by 



Ae f a b c 

Mumlm»a — — ■■ jubhIiimi t 



iaiKJ) 



abc \r^ r 



2 e 2 



4 11 

_ _i_ i 

T~ r 7 

c a a 



These also coincide if the curve is a cubic. 
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100. The foci corresponding to the principal circle (a?=0) are given by 






~. m T r ~T — ^, 



b— a a* a 

and 

Hence we have 

y 9, $ Azw 



c(b~-a) ab c(b—a) 



(117) 



Similarly the coordinates of the two foci on the circle y=0, may be written down. 
101. From the form of equations (117), it appears that all curves given by the 
equation 



are confocal with the curve 



Subtracting, we have 



o on 

'""'' ' " ' i n Jmm m " '"' ' P wjw> — — — ■ 1 



a A o l c* 



+ X9/X9. . .A" U ' 



aV + «) & 2 (^ + *) 



£B 


y 


a 2 ' 


W 


X 


y 



Hence the circles whose coordinates are respectively proportional to 

— . 

a z + fC > ja + ie > °' 2^ J 

must cut orthogonally, but these circles, touch the curves at their common points ; 

hence confocal curves cut orthogonally. 

Since we have a quadratic to determine k when (xyz) are given, through any point 

two curves can be drawn confocal with a given curve ; and two nodal circular cubics 

can also be drawn with the same node and confocal with a given nodal bicircular 

quartic. 

102. The equation 

ax % -\- by®-^ cz 2 = 

represents in general a nodal bicircular quartic, and by inverting with respect to the 
node, we see that it is the inverse curve of an ellipse or hyperbola, according as a and 
5 have the same or opposite signs, with respect to some point in the same plane. 

Such a curve then has two principal circles, with two single foci on each : it has 
also four double tangents, two from the centre of each principal circle. 

If one of the principal circles becomes a straight line, it divides the curve 
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symmetrically ; corresponding, in fact/ to the case where a conic is inverted on a point 
in one of its axes. 

If the radii of both principal circles are infinite the centre of inversion is the centre 
of the conic : e.g., the lemniscate, whose equation would be of the form #=a 2 (^ 3 +?/ 2 ). 



iv. The Limagon.—§ 103. 

103. If one of the principal circles, in the last section, becomes a straight line, and 
one of the two foci coincide with the centre of the principal circle, the nodes at infinity 
become cusps. This case corresponds to inversion of a conic on a focus. 

Suppose that r 2 is infinite in § 95, then the condition that the curve should be a 
Limagon is, from equation (117) 3 

4r 1 2 c(a~fr) = 4e 3 a&=e 3 c(a~~ b) ;■' 

which, since we must have 

1 4 



t-^ $* 



becomes 

4a&=c(a— •&). ......... (118) 

The double tangents perpendicular to the axis are given by 



and 



\ 3 






o, 


X 


2v 


^=0 

e 


e 

3 



which equations are satisfied by \r l =ve=pe: so that there is only one double 
tangent. 

v. Bicircular Quartic having a Cusp.— §§ 104-109. 
104. The equation of the curve may be reduced (by § 83) to the form 

The system of reference being the principal circle (#=0) ; the circle (y=0) passing 
through the cusp, and the other point in which the curve cuts the principal circle ; the 
cusp (3=0) ; and the other point (w—0) common to the curve and principal circle. 

Let r v ' r % be the radii of the two circles, e the distance between their points of 
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1111 

intersection ; 77, 7 , -7, -7 the coordinates of the line at infinity ; then the equation to 



?\ r-% e e 



the absolute will be 



x*-\-y*=4:Zw. 



The curve is clearly the inverse of a parabola. 

105. If (^rj^o)) be the coordinates of any circle touching the curve at the point 
(xy'zw), we must have 



9. 



-2? 



W^-^*'"^ ' ..... (119) 



(l + k)a/ —az f -\-ky f —ay' —2h& 



The equation to the tangent line at the point (xy'ziv) will be, by § 72, 



1 Cb Ob \ 

—a;' — ~ z — y' ) (xx + yy — 22u>' — 2ivz) 



r 



r 2 e 



1 / . 1 / z/JrW '\/ > / /\ 

# -j---^ —2 — 7— j(asa? —azy—azy ) ; . . . . . 



*'l 7 2 



e 



(120) 



the equation to the normal being 



JL>m 



/ 

X j 



f'l 



y'> 



n 



•2w, 
2w', 

•a/, 

2 



-2z 



2 



6 



0. . . . . . (121) 



106. The circle (£)j£a>) will be a bitangent circle, if ^= — 1, in which case 



v 



K 



2w 



r} — a£ 2(o-\-ar}-~a?% 



az f ~\-y' z f 2 w f — ay 



y 



2w' 



whence 



{r)—aiy=it 3 a). ......... (122) 



107. The two double tangents are given by 



P 



2, 



fi 2v 2p 



To e 



0; 



the angle <j> between them being given by 



tan <f>= 



2 

7% 



'2r6 1 
er 2 r-f 



3, 

a 



& 3 -f 8 2a 2 * 



« « 



• • • ( J. 2i O ) 



->.«■, 



MDCCCLXXXVI, 



3 z 



2 
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These can only coincide if 



2a 1 



J 

er 2 rf 



in which case the curve is a circular cubic, 

108. Taking h = In (119), we have a series of tangent circles passing through the 
pusp ; to find the tangents from the cusp to the curve we shall have 



whence 



x f —az f —ay' 



wher 



e 



^ i /* 



v 



T 6 



0. 



The angle between these is given by 



tan cjy- 



1 2a 

1 

vr ^\ 

a 2 

e r 



109, The focus of the curve is given by 



whence 



(y —azy=. &ivz=y\ 



y . % Sw 



a 2 a 



2* 



s •» « 



a & » « o e 



(124) 



vi. 2%e Cardioid.— § 110, 



110, If the radius r x of the principal circle of the curve 

x 2 =2ayz 

become infinite, the curve is symmetrical with respect to the axis ; and if the single 
focus on this axis is at an infinite distance, the curve has cusps at infinity, and Is 
called the cardioid ; being the inverse of a parabola with respect to Its focus. 
Referring to equation (124), we see that the condition Is 



\Jb <>»< m,m ' m ^X 15 



so that the equation to a cardioid is 



,2. 



yz. 



& a © fl» ® 



(125 
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vii. General Circular Cubic. — SS 111, 112. 



111. We have already seen that the equation 

a^ 3 + by* + C2 2 + chv* = 0, 
represents a circular cubic when 



Hr 8 +r B +;i=o. ( 126 ) 



^] 2 V ^ r 4 



where r v r 2 , r 3 , r 4) are the radii of the four principal circles. The curve also passes 
through the centre of each of these circles. 

By equation (104) we see that the equation to the asymptote (i.e., tangent at the 

. x 1 1 1 1\ . 
point ~, — , — , ~~ is 

r x r% r s rj 

ax . by , cz , clw n . _, 

—+-•<+-+— = 0; (127) 



% 6 



the equation to the tangent at the centre of the circle (^=0) being 

a—b , a-— c , a — cl _ 
y-A 2+ -ir=0, 

r 2 ^ -*4 

which is clearly parallel to the asymptote. 

Hence the tangents to the curve at the centres of the principal circles are all 
parallel to the asymptote. 

112. As in the case of the general bicircular quartic, there will be four systems of 
bitangent circles, and on each principal circle there will be four single foci. There are 
clearly no double tangents. And if one of the principal circles degenerates into a 
straight line, the asymptote is perpendicular to it. 



viii. Nodal Circular Cubic- — § 113. 

113. The equation considered in § 95, 

a# 3 + % 2 + cz^= 0, 

is a circular cubic, when 

a b c ^_ 

This curve is the inverse of a conic with respect to a point on the curve. The 
curve passes through the centres of the principal circles, the tangents being respec- 
tively, by equation (113), 

O /a & 
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, ix y 2a -he a 

(a—b)-~ z — 2-w=0, 

v r 3 e e 

x z — 2-w=0 ; 

o\ e e 

which are parallel to the straight line 

ax , by , cz 
?\ r e 

which is the line joining the node to the point in which the line ab infinity cuts the 
curve, so that these three lines are parallel to the asymptote. 

As in the case of the nodal bicircular quartic there will be two single foci on each 
principal circle, and two corresponding systems of bitangent circles. 



ix. Cuspidal Circular Cubic. — § 114. 
114. The equation 



qo — ~ /LaijZ 

represents a circular cubic, having the point z=0 for a cusp, whe 

1 2a 



n 



r x 3 er z 3 



i\ being the radius of its principal circle, r 3 that of a circle cutting this orthogonally, 
and passing through the cusp, and the other point common to the curve and its 
principal circle. 

The curve clearly passes through the centre of its principal circle, the tangent at 
the point being 

ez 2w 



y £ + «) 



2r n 
w T hich is parallel to 

x ay az 



= 0. 



^0. 



r i e r z 



the line joining the cusp to the third point in which the curve cuts the line at 
infinity ; hence these are parallel to the asymptote. 

The curve has one syttem of bitangent circles, and one focus which lies on the 
principal circle. 
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Chapter VTII. — Miscellaneous Theorems. 

Equation of an Anallagmatic Curve referred to Three Circles Orthogonal to the same 

Principal Circle. — §§ 115-121. 

115. If the system of circles (1, 2, 3, 4) be such that (4) is orthogonal to (1, 2, 3), 
the equation of the absolute must be of the form 

w*-\-f(xyz) = ; 

also if (4) be a principal circle of an anallagmatic curve, its equation must be of the 
same form ; by subtraction we see that the equation, 

ax^by^-±cz%-\-2fgz-{-2gzX'\-2hxy=:0, ...... (128) 

may be considered as the general equation of such a curve referred to any three circles 
cutting one of its principal circles orthogonally. 

Thus, for any theorem proved in the case of conies we can easily derive an analogous 
theorem for bicircular quartics or circular cubics. 

116. Any bitangent circle of the system which cuts the given principal circle ortho- 
gonally, must have for its equation 

ax-\-fty-\-yz=0 > . (129) 



and since it touches (128) , we shall have 



a, 


h, 


9> 


a 


h, 


b, 


f, 


P 


9, 


f, 


G, 


y 


a, 


A 


y> 






0. 



. . . . . (130) 



Referring to § 24, equation (22), we see that a, ft, y are proportional to the areal 
coordinates of the centre of the circle (129) referred to the triangle formed by joining 
the centres of the circles (1, 2, 3), provided that x, y, z are proportional to the powers 
of a point with respect to these circles. 

We see, then, by equation (1 30), that the locus of the centres of all bitangent circles 
of the same system is a conic ; which is called by Dr. Casey the focal conic of the 
system. 

117. Suppose now the circles (1, 2, 3) to be the other principal circles, then the 
equation to the curve must be of the form 

a»^ 2 + 6y a +c3*= 0, 
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and the corresponding focal conic is 

a o c 

And we see that the focal conic corresponding to one principal circle is self-conjugate 
with respect to the triangle formed by the centres of the other three. 

118. Or, again, in the case of a nodal curve ; let (1, 2, 3) denote the other principal 
circle, and its two points of intersection with (4) ; the equation of the curve is of the 
form 

ax 1 + % 2 + 2fyz = ; 
and the corresponding focal conic 

f 2 a 2 — a&y 2 + 2 qffiy = , 

which also passes through the node. 

119. If the system of reference be three bitangent circles, the equation to the curve 
must be of the form 

a\/x~\-h\/y-\~e\/z=Q ; \ . . . . . ■ . . (181) 

and in that case the focal conic is 

«. 3 5 s c 3 
a p y 

In particular we see that if A, B, be three foci on the same principal circle of the 
quartic, or cubic, and P any point on the curve, we must have 

a.AP+&.BP+c.CP=0. ........ (132) 

120. Suppose that the curve is a Cartesian, having cusps at infinity, then the focal 
conies become circles. 

It follows that equation (131) will represent a Cartesian if a, b, c are proportional 
to the sides of the triangle formed by the centres of the three bitangent circles (xyz). 
Thus we have the theorem that, the sum of the products of the tangents, from any 
point on a Cartesian to any three bitangent circles of the same system, into the 
corresponding sides of the triangle^ formed by the centres of the circles, is zero. 

121. Let the circles (2, 3) be any two bitangent circles, and let (1) be the circle 
passing through their four points of contact with the curve ; then the equation of the 

quartic must take the form 

x^-=.2fyz } 
and then the focal conic is 

j^a 2 ==2/3y. 

If (y 9 z) be foci, (x) might be called their directrix ; and we see that the product of 
the distances of any point on a bicircular quartic from two foci on the same principal 
circle, is proportional to the square of the tangent from the point to their directrix. 
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Again, if (yz) denote the double tangents from the centre of the principal circle of 
the system, we see that the centre of the focal conic coincides with the centre of the 
polar circle of the centre of the principal circle, and the asymptotes of the focal 
conic are perpendicular to the double tangents. It follows, then, that the focal conic 
is an hyperbola or ellipse, according as these tangents are real or imaginary. 

It follows, also, that the focal conic of a circular cubic is a parabola, whose axis is 
perpendicular to the asymptote of the cubic. 



Circle of Curvature at any Point of an Anallagmatic Curve.— •§§ 122-124. 

122. Let the equation to the circle of curvature at the point (xy'ziv) be 

£x-\~7)y -{-&-]- (oiv=0. 

Then we must have £ 77, £, co, proportional to the minors of x 9 y, z 9 iv 9 in the 
determinant 





y> 


/V, 


•w 


X ,' 


y'> 




IV 


Sx, 


¥> 


8/, 


810' 


8V, 


sy, 


8V, 


8hv 



And as we are merely concerned with the ratios of the coordinates (x, y, z 9 w) 9 we 
may take w constant ; so we shaU have 



v 



123. If the equation of the curve referred to its principal circles be 

ax 2 + hif + ez 1 + dw % = , 
where the equation to the absolute is 



we shall have 



x 2 -{-y 2 ~{-z 2 -\-w^=0; 

axSx+ by8y-\-cz8z= 0, 
x8x-\~y8y-\-z8z=zQ ; 



whence 



xSx ySy z< 

z ^^ = - !_—; _____ w ga y . 

0— c c—a a — b * J " 
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hence 

8~x=(b—c)( — — — L 

x y \ W X 2, J 

fry—(c—ay 



8h=(a — b)( 



/? 

3/ r ' 






so that 



i v. 7 ,^ [a — b c—a y 

=(°- a )( a - 6 )^v(-p.— 7TM 



or siDce 



(a — &)y /a + (a— c)/ 2 + {a—cl)iv' l '=- 3 



il> l * \ ,Q 



J LtJXXL/tJ 






^ ^ ft) 



(a -~b)(a— c) {a — (J)^' 3 (6 — &)(& —c)(b — cl)y' s (c — a) (c — 6) (c — <^)^ /3 ~ (d — a) (^ ~-b)(d— c}w' s ' 
So that the equation of the circle of curvature at the point (%'y'z'iv) on the curve 

aas 3 + &y 2 +c2 2 +^w a =0, 

is 

(a — b)(a— c)(a— ci)^%+(?>— a)(&— c)(6 — d)y*y 

+ (c—a)(c—b){c—dyh+(d~a){d ; . . . (133) 

and the points of inflexion of the curve lie on the tricircular sextic, 

(a--b)(ci — c) (a—ct) 3 (b—a)(b — c)(b--d) « (c — a)(c — &)(c — cZ) „ 



r, r r., 

X «* t") 



■"J— £,(/ — - Ue • a 3 • a 9 « I X «J 4r ) 

124. If R be the radius of curvature at the point (x'y'z'iv) of the curve 

ax 2 + %^+ c# + <^ 2 = j 
we shall have 

i^ — / - N 9 -, 

^ *3 ^ ^L 
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And it may be easily verified that 

so that 

E 

^{ci — b)(a-~o)(a — cl) m .(b — a )(b — c)(b — d) /?> (c — a)(e — b)(c — d )^^ 

' — ~~ X —f" ' — — — ij —j— ■ ■ ^ 



n ^3 *3 



+ (^^=^=1^8 (l85) 



»3 



PART II.— SYSTEMS OF CIRCLES ON THE SURFACE OF A SPHERE. 

Chapter I. — General Systems of Circles. 

The Equation of a Small Circle on a Sphere. — §§ 125, 126. 

125. Let ABC be a spherical triangle, having all its angles right angles : then, if we 
denote the sines of the perpendiculars from any point P on the sides of the triangle 

by x, y, z, we have at once 

«x 2 +2/ 2 +2 2 =l ; 

and again, if {xyz), (x'y'z) be any two points, <j> the angular distance between them, 

xx f -\-yy r -\-zz' = cos </>. 
So that the equation of a small circle is of the form 

the coordinates of its centre, and its radius, being given by 

a b c 1 ' 

and if (xyz) be any point, whose angular distance from the centre of the circle is <j>, we 

have 

ax-\~by-\-cz= cos cf> sec r. 

It follows from this that, if the angle of intersection of the circles 

ax +hy -\-cz =1, 
ax-\-b'y+cz=l, 

MDCCCLXXXVI. 4 A 
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be a), and the distance between the centres <j>, then 

tan r tan r cos a) = 1 — cos <£ sec r sec / 

= l-—aa' — &&'— -cc' . (136) 

126 The equation of a great circle will be of the form 

ax-\-by -\- cz= ; 
and the angle of intersection of this with the circle 

will be given by 

tan r cos a>™ — cos <£ sec r 

= — (aa'+frfr'+cc ) \ • ...... (137) 

and for two great circles we shall have 

cos co=r — (aa'+fefe'+cc'). 



2%e Power of Two Circles on a Sph&re.—^ 127, 128. 

127. If r, r f be the angular radii of two small circles on a sphere, <f> the angular 

distance between their poles, and a) their angle of intersection, then either of the 

expressions 

tan r tan r cos co, 1 — cos </> sec r sec r\ 

may be defined as the power of the circles. Denoting the power by ir (or if S, S' are 
any circles by 7r S(S /), we see that 7r S5 s'=0 if the circles cut at right angles, and if they 
touch 7r Sj s' 2 =7r SjS .7r S / j s'' I n the case of a pair of points P, P': 7r PjP /=l— cos $=2 sin 2 -|<j&, 
where <^> is the distance between them. 

It will be convenient to define the power of a great circle, with respect to a small 
circle, as the product of the tangent of the radius of the small circle and the cosine of 
the angle of intersection : thus 

7r = tan r cos o = — cos <f> sec r ; 

and the power of two great circles, as the cosine of the angle between them. 

128. If be the pole of a small circle, radius r, and P any point on the sphere, then 
if Q be taken in the arc OP so that 

tan ^OP . tan ^OQ = tan 3 |r, 
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Q may be called the inverse point of P with respect to the circle whose radius is r, or 
simply the inverse of P with respect to 0. 

It may be easily shown, if S, S' be any two small circles, by forming the equations 
of the inverse circles with respect to A (§ 125), that the expression 



is invariable, 



5S,J3(__ 



General Theorems,— -SS 1.29-132. 



129. If (1, 2, 3, 4, 5), (6, 7, 8, 9, 10) denote any two systems of circles on the surface 
of a sphere, the powers of the former are connected with those of the latter by the 
identical relation 

JLy LJy } ~T, O 



ni 



6 ; 7, 8, 9, 10 



0. 



This is at once proved by multiplying together the matrices, 



1, 


dry, 


&i, 


•Cl 


3 


1, 


a 6 , 


— &6> 


JL k 


a 2 , 


^2> 


C 2 




1, 


~~%? 


— 6 7 , 


1, 


a 3 , 


&3> 


C 3 




1, 


— a 8 , 


~&8> 


1, 


«4, 


K 


c 4 




1 


a o? 


— &9> 


1, 


%, 


h, 


c 6 




1 

x 5 


— a 10 , 


-&io> 



Whence we get 



C/. t/» 



'6 



'8 



C 



7T 



1,G? 



7T 



1,7? ^l,^ 7r l > 9? ^LIO 



^G? 7r 2,7> ^jS,^ ^3, 9* ^lO 



7T 



3,0 J 



7T 



3,7' 



7T 



3,8' 



IT 



3,9? 



7T 



3,10 



^.GJ ^M) ^hSi ^Mi ^uo 
^O ^M* ^S? ^S.P* ^io 



6,7,8,9, 10 ' 



9 



'10 



0, 



. . . (138) 



130. It is evident that this result is true if one, or more, of the circles are great 
circles, provided that we interpreted the meaning of the symbol tt in accordance with 
the definition in § 127. Again, it is true, if the radius of any of the circles is zero. 
And we also see it is true if any circle of either system is such that the coordinates 
of its centre are zero; i.e., any circles of either system may be replaced by the 

4 A 2 
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imaginary circle at infinity, which we will denote by 9 ; and we see that we must take 

Tfy $ = 1 , and 

tt S) 0=1 if S be any small circle, 

7T Pi9 =l if P be any point, 
tt S}0 ™O if S be any great circle. 

131. If then g> S|S / be the angle of intersection of the circles S, S' we may deduce at 
once from equation (138) :-— 



COTj ^'i 3 

cot r 2 , 
cot ? 



cob 7 



4,3 



cot r 5 , cot r f)5 



cot r 7 , 



cot r 



8 



COS(U L5 , COSG) lj0 , COSCD 1<7 , COS ft) lj8 

COS 0>^ B . cos oj 2> 6J COS fi>^ 7 , cos a> % 8 



3 , cosft> 3j5J cos<u 3i6 , cosa) 3j7 , cosa> 3>8 



cos o> 4 5 , cos co, j( , r> , cos co /k 7 , cos co 4) 8 



U. . 8 a ( 1 OV J 



132. Exactly as in § 8, we can prove that 



II, 2, 3, 4\ 1 » II, 2, 3, 4\ /5, 6, 7, 8' 

1 5, 6, 7, 8/ J ~ \1, 2, 3, 4 J X \5, 6, 7, 8, 



! 6 & 



(140) 



Chapter IT.— Special Systems of Circles. 
Circle Cutting Three Circles Orthogonally.— §§ 133, 134 
133. Let the circle cutting the system (1, 2, 3) be denoted by (a;), then since 



we have 



> > ? > ■— 

'^, i 9 3 '"*" 

l/j iX>j X ? Z/j t) 

-pi #> 1> 2, ^\___-r-|-/l> 2, 3\ 

u, 1, Z, oy \1 ? Z, O/ 



and if the equations of the circles (1, 2, 3) be of the form 



we have at once 



<%x + ^i2/ + °i z = 1 ^ 



/#, Ij 2, 3 

n U 



Ij Zj ? o 



JL 6 

] 



] 



-? 



o, 



a l9 

a 3? 










6 



25 



3s 



'2 



Cc 



°G 



1, 


o, 


o, 


1, 


a ls 


&i» 


■*•} 


<x 3 , 


&2> 


1, 


a 3 , 


K 



T 7 6 sec 2 r x sec 3 1\ 2 sec 2 r 3 . {V(l, 2, 3)} 2 ; . 



R 1 







c<. 



9 9 a 



(141) 
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where R is the radius of the sphere, and V(l, 2, 3) denotes the volume of the tetra- 
hedron formed by the centre of the sphere and the poles of the circles (1, 2, 3). 
Hence the radius of the orthogonal circle of the system (1, 2, 3) is given by 



tan 2 r 



sin 3 r Y sin 3 r % sin 3 r s 
36 



^R 6 

{V(l72 ? 3)} 3>< 



— 1, cos o) h2 , cos co 1}3 

COS 0)^,1 j — ^3 C0S ^2,3 

C0SO) 3)1? COSO) 3)2 , — 1 



. (142) 



134. If the three circles meet in a point, r must be zero, hence 



Four Circles having a Common or Orthogonal Circle.— ■§§ 135, 136. 



135. Let ($) denote the common orthogonal circle of the system (1, 2, 3, 4), then, 
since 

90) X, £ij O) ~r 



nc 7 ~ 7 ~ ? 7 _ )~o, 

J/i 1? ^j <- } > 4, 



it follows that we must have 



ni 



X, Zip o } 4fc 

JL» ZJ« «D) TCy 



v • • v • * > « • • « I L TU J 



This is clearly the necessary and sufficient condition that the system (1, 2, 3, 4) 
may have a common orthogonal circle. 

136. If (5, 6, 7, 8) be any other system of circles, we must also have 



ni 



As a particular case, we have 



ni 



1, 2, 3, 4' 
5, 6, 7, 8, 



_Lj di^ O) ~fe 
t-t/« J.) «j» tj 



0. . . 



-=o, 



where (x) denotes any other circle. 
We deduce that 



/J ? O, 4\ TT / ' ' 1 I TT/ ' ' 

^ 1 ' II \1, 2, 3J +7r ^ ,n \l, 2, 3J + ^ 3 - n U 2, 3, 



(144) 



'1 ^ 3' 



o 



• • 



(145) 



But from (144) we can deduce, as in § 24, that, 



o, 6, 7/ J 



2 



n 



1.2 ° 



, ~, o \ „ / 5, 6, 7' 

o xn' 



1 2 



o 



5, 6, 77 5 
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so that (145) may be written, 



7T. 7 . 4 ,. 



n 



1, 2, 3\1* 
.1,2, 



9 

6 






1 f /l, 4,3 \ "1 * . 



n /l,2,4\l* 

1.2.4JJ • 



But if r be the radius of the common orthogonal circle, we have, by § 133, 



1,2 ° 



36 
R« 



TT/ M "> 



o 



ni 



)6 - tan 2 r 2 =cos 2 r } cos 2 r 3 cos 2 r 3 ) ' -i2i-= cos 2 r 2 cos 2 r 3 cos 2 ? 



w ft *LJ 9 -X . 



{V(l,2,3)}' 



}, {V(2, 3 ? 4)} 3 



&c. 



Hence we have 



tt^^cos r 4 .V(l, 2, 3)=7r, f5l .cosr 1 .V(2 ; 3, 4)+ / 7r^cos%V(l, 4, 3) 

~f 7r^ 3 .cosr 3 .V(l, 2, 4) ; . (146) 
which result may also be written 

TT X% 4- COS Q\ = a. COS r 3 . 7T^ x + /3. COS r g . 77^ 2 + 7 • C0S r fr ^ 3 5 * • • (1-47) 

where a, /}, y may be defined as the areal coordinates of the pole of the circle (4) with 
respect to the triangle formed by the poles of the circles (1, 2, 3). 
Thus, if A, B, C be the triangle, P the pole of (4), then 



a: 



V(P, B, C) sin (perp. from P on BO) 
V(A, B, C)~~ sin (perp. from A on BO)* 



As a particular case of (147), let x be a point, say, then A, B, C being the centres 
of (1, 2, 3), and P being a point on the circle which cuts them orthogonally, we shall 
have 

1— cos OP~a(cos 1\— cos OA)+/3(cos v % — cos OB)+y(cos r 3 — cos OC), 

or more generally, P being the pole of a circle which, with (1, 2, 3), has a common 
orthogonal circle, 

cos r 4 — cos OP:=ot(cos r x — cos OA)+/3(cos r 2 — cos OB)+y(cos r 3 — cos OC). 



Orthogonal Systems.— ■§§ 137-139, 

137, Four circles may be said to form an orthogonal system if each one cuts the 
other three orthogonally. It is clear that the pole of any one of four such circles must 
be the orthocentre of triangle formed by the poles of the other three. 
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Let (1, 2, 3, 4) be such a system, then if (x, y) be any other circles we must have 
from the eauation 

/«#, 1, 2, o } 4\ 

U \y,l,2,3,4/- U ' 

^la ^.s ^s 7r i,i- 

whence we have as particular cases 

(i.) 7r* tl cot 3 fi+^a cot 2 r 2 +irx tS cot 3 rg+TT^, j, cot 3 i\ h = — 1, 
(ii. ) tt X) } 2 cot 3 r x + 7fy 3 2 cot 3 r 3 + ^ 3 3 cot 3 r 3 + ^ / cot 3 r 4 = tan 3 r Xi 

where x denotes any circle, radius r x ; 

(hi.) ir gil cot 3 Ti+^3 cot 3 r 2 +7r v3 cot 3 r 3 +7r vit cot 3 ?v=0, 
(iv.) 7r, a 3 cot 3 7" 1 +7r^ 3 a cot 3 r 3 +7r, )3 3 cot 3 r 3 +7r* f4! 3 cot 3 r 4 = I, 

where z denotes any great circle ; 

(v.) cot^y-)- cot 3 r 3 + cot 3 r 3 + cot a r 4 = — 1 ; (149) 

so that one of the circles must be imaginary. 

138. If the circles (1, 2, 3, 4) form a system not having a common orthogonal circle, 
we may find four other circles, (5, 6, 7, 8) say, such that each of the latter is orthogonal 
to three of the former. One such system may be called the " orthogonal system " of 
the other. 

Let. x, y denote any two circles, then since 



, Xy 1, Z, O, 4fc . 

\y,5,6,7,8/~ > 



we shall have 



77V, 3/ 



. ^ 5 >7r y, 1 i 7r ^, 6 >7r y, 2 I gX 7- 7r ?A 3 . 7r - ^, 8 ,7r y, 4 . /-i rn\ 

" " ^1,5 ^2,6 ^8,7 ^4,8 ' ^ 



whence we obtain as particular cases 



1 1 1 1 , 

_j _j_ ^ — ^^ — j, , . .. . . , ^151) 



^ls ^e ^Sti ^s 



and, x denoting any small circle, 



^1,5 ^"8,6 ^3,7 ^4,8 
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139. The system of circles (1, 2, 3, 4) may be called a " semi-orthogonal" system, if 
(1, 2) cut orthogonally in the points (3, 4). Then x 5 y denoting any circles we have 
by 



03 } 1 , Zt^ o 5 ~fc 

7/, ±5 ^J ? Oj ~fc 



0, 



the equation 



Tr,# : 



^U- 7 ^,! , 7r *,2' 7r y,3 , ^,3- 7r ?A,t + 7r -f,,f 7r 2/,S 



7T 



BrJwIia™! 



1,1 



7Tq O 

(^9 /J 



7T 



3,4 



If 2e denote the arc between (3, 4) we have as a particular case, 



1 = cot 2 7*-, + cot 2 ' Vt>— eosec 2 e. 



a , 



{ .L O c* J 



8 8 



(153) 



Circles touching one another, — -§§ 140-144, 



140. If the four circles (1, 2, 3, 4) touch one another externally, we shall have from 
the equation 



L/a -1. Q ^/ « O. J!! j 



0, 



4+ cot 2 r x + cot 2 r 3 + cot 2 r 3 + cot 2 r 4 

= 2 {cot rj cot r a + cot r x cot r 3 + cot r x cot r 4 

+ cot r 2 cot r 3 + cot r 3 cot r 4 + cot r 3 cot r 4 } ; 



whence 



cot r 4 = cot r x + cot r 2 + cot r 3 ±2 {cot r 3 cot r 3 + cot r 3 cot r x + cot r x cot r%— 1 }* . (154) 

14L We may also easily extend the formulae (39) and (40) in § 31. Thus, let two 
circles (1, 2) be described, with angular radii a, y s and let another circle radius r be 
described touching these internally, and having its pole on their common diameter 
Let S x be a circle touching this circle internally, and (1, 2) externally ; and let a 
series of circles S 2 , S 3 , S 4 , &c. be described touching externally (1, 2) and the preceding 
one in the series ; and let the radii of these circles be r±, r 2 , r 3 , &c. 

We shall have, since S«_ x and S ;e+1 touch S», 

cot r n+1 — 2 cot r w + cot r w _ 1 =2(cot a+ cot y) ; 



whence, exactly as in § 31, 



cot r w =n 3 (cot a+ cot y) — cot r 



?r sm r 



sm a sin 7 



cot r. 
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So that 

uci II / 4i — — Z • "^ ~ i ~ . ~ • • • « i • • i J. «J f 

n* sin- 3 ?'-— cos r sin a sin 7 x } 

Similarly if S\, S' 3 , S' 3 , &c. be a series of circles touching (1, 2) and one another 
externally, and S' x touching the common diameter of (1, 2), we shall find 

(2^-l)' 3 sir f -4 cob f sm a sm 7 x 7 

142. Since 

irx lt ,+ s/^x % x^y^ = tan r x tan r y (cos w^y+1), 

we infer from § 32 that if the four circles (1, 2, 3, 4) are all touched by another circle 
externally, then we must have 

cos £o> li2 .cos -Jog^icos |co 1>3 .cos io> 2j4 ±cos £g> 1i4 .cos |ft> 2 , 8 =0, 

(o h2 being the angle of intersection of the circles (1, 2). 

This formula must be slightly modified if the tangent circle does not touch them all 
externally : if, for instance, the circles (1,2) have contact with the tangent circle of 
opposite nature, then cos|o) 1)3 must be replaced by sin ^co h2 . 

143. If this condition be satisfied the radius of the circle touching the circles 
(1, 2, 3, 4) may be easily found by means of § 138. Thus, let the orthogonal system 
of (1, 2, 3, 4) be (5, 6, 7, 8) ; and let the contact be external in each case. 

Then since 

7T ; , a ,77^3 7T A . s 3 , TT*^ 

-j -J- "T'" — ' — -M 

^l.o ^S.G ^3,7 ^.S 

we shall have 

. tan i\ . tan r , tan r« , tan r t\ , 

aotr x = H *+- - 3 H K . . , . (157) 

^l.S ^3,6 ^ ^.S 

144. If the system of circles (1, 2, 3, 4) be such that four other circles (5, (5, 7, 8) 
can be drawn to touch them all, symmetrically, say let each of the latter touch one of 
the former internally and the others externally; e.g., let (5) touch (2, 3, 4) externally : 
then since 

/^ J , 1, 2, o, 4\ 

where (a?, ?/) denote any other circles, we have 

— 477^= 2277^.77^5 Cot ^ COt T^ — (tlTy^.COt r^filTa-^.COt 1\) J 
MDCCCLXXXVI. 4 B 



O O 4r 



MB. E. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 



whence as a particular case, 

(cot ^j+cot r 3 +cot r 3 +cot r 4 )(cot r 6 +cot r 6 -f cot r 7 +cot r 8 ) 

= 4 + 2(cot 1\ cot r 5 +cot r 2 cot r 6 +cot r 3 cot r 7 +cot r 4 cot r 8 ). 



(158) 



An example of this would be, when (1, 2, 3, 4) are the inscribed and escribed circles 
of a spherical triangle, and (5, 6, 7, 8) are the corresponding nine-points circles. 



Chapter III.— Circles connected with a Spherical Triangle, 

Regarding a spherical triangle as formed by the arcs of three small circles, most of 
the theorems concerning the three species of circles, connected with a triangle formed 
by great circle-arcs, may be readily extended. It will be seen that there is a much 
greater resemblance than there is between the corresponding formulae for plane 
triangles formed by arcs of circles and straight lines. We shall suppose that the 
circles intersect in the points P, Q, R, P', Q', R', the former points lying within the 
triangle formed by arcs joining the poles of the circles ; and we will call the angles 
of the triangle P, Q, R— <x, ft, y\ then the formulae for any other of the eight 
triangles which make up the whole figure may be at once written down by changing 
two of the angles into their supplements. We shall use r l9 r 2 , r 3 to denote angular 
radii of the circles, and r to denote the angular radius of their orthogonal circle. 



The Circum- circle of a Triangle.—^ 145, 146. 

145. If x denote the circle which passes through the points P, Q, R, the points of 
Intersection of the circles (1, 2, 3); and if (4) denote the orthogonal circle of the 
system (1^ 2, 3), we shall have, since 

O, I, U) O, U 



exactly as in § 39, 



S 1 2 3 4/^" V5 

KJ% JUf* Ami* ^7 *&* i 



IT 



4, 4i 



rff 



r n /i, 2, s\ i * 

7r 4, $ t J " \lj - 4 Of '^ 



4,.f 



J 



But 



ni 



t — 7r 4,4 



X e, &Js O } jSj 



&* o 



(la* o 
9 '■ 



9 

6 






* r /i, 2 

•B9M 'C 111 

L \1? 2 



7r 4i4 { V(l, 2, 3)} 2 sec 2 r Y sec 2 r 2 sec 2 r 3 , 
36 



n( 2 3 j— ^ sec 2 r % sec 2 r 3 .{ V(P, 2, 3)} 2 , 



where R is the radius of the sphere, and V(l, 2, 3) denotes the volume of the tetra- 
hedron formed by the poles of the circles (1, 2, 3) and the centre of the sphere. 
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Hence we obtain 



W4.4-W4.* V(P, 2, 3)cos^ + V(P, 3, l)cosr 8 + V(P, 1, 2)cosr 8 



7T 



4,« 



V(l, 2, 3) 



or if a) he the angle of intersection of the circle PQE, with the orthogonal circle to 
(1, 2, 3), we may write 



tan r~ 



V(l, 2, 3) 



tan t sec a V(l, 2, 3) + V(P, 2, 3) cos i\ + V(Q, 3, 1) cos r $ + V(E, 1, 2) cos r s 



(159) 



(1 p 9\ 

shall have, as in 8 39, 



we 



irx 9 xTr 4lA -"n , \ x 



7T 



2 



4,# 



n 



1,2,3\1» 
1? 2 ? 3 rf 



o, 


v/*ia> 


V /%, 2> 


V ^3,3 


v /^1,1J 


^l.i? 


^1,23 


^1,3 


V ^2,2? 


/%a? 


/%,2> 


/%,3 


V ^3,3? 


/^a? 


^3, 2? 


^3,3 



. (160) 



But 



/*u= n u 3 )=^ sec3r 3 sec3r 3{ v (P> 2 > 3)} 3 ; 



JltzJIlOcJ 



36 



R 



3 

~.tan 2 co sec 2 r ± sec 3 r s sec 2 r 3 tan 4 r 2 . { V(l, 2, 3) }* 



0, 
V(P, 2, 3) cos r,, 
V(Q, 3, 1) cos r 2 , 
V(R/ 1/2) cosr 3 , 

whence may be deduced, 



V(P, 2, 3) cos r l9 V(Q, 3, 1) cos r 2 , V(R, 1, 2) cos r 3 



/H l.» 

^3,1' 



^1,2? 
^2,2> 
^2 3? 



^1,3 
^2,3 
^3,3 



"W 



here 



cos 2 co= secs.cos(s— a).cos (.9— /3).cos(s — y), (161) 

2s=a-f-/3+y. 



If the three given circles are great circles, then the imaginary circle 6 will be their 
orthogonal circle, in this case equation (160) reduces to, 



cot 2 r^= sec 5. cos (5 — a). cos (s— /3).cos (s— y) ; 



the ordinary formula for finding the radius of the circum-circle of a spherical triangle 

4 b 2 
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The Inscribed and Escribed Circles of a Triangle. — §§ 147, 148. 

147. If the inscribed and escribed circles of the triangle PQR cut the orthogonal 
circle at angles co, co ]? co 3 , co 3 , we have, as in § 43, 



wh 



ere 



K. COS 3 O) : 

K.cos 3 co r 

K.COS 3 C0. ? : 
K.COS 3 C0 3 : 



2(1+ cos a)(l + cos /3)(l + cos y) 
2(1+ cos a)(l — cos y3)(l — cos y) 
2(1— cos a)( 1 + cos /?)( 1 ~~ cos y) 
2(1— cos a)(l— cos /3)(1 + cosy) 



•^ 



> 



~j 



K= cos 3 a+ cos 3 /3+ cos 3 y+2 cos a cos /3 cos y— 1 
= 4 cos s.cos (.$-— a). cos (s— -/?). cos (5— y). 



(162) 



In these formulae cos 3 ca has been written for 



7T 



4,# 



T*.*- 71 "*.* 



, and SO; if the given triangle 



be an ordinary spherical triangle, cos 3 co must be replaced by —cot 3 r x ; thus the above 
formulae correspond, in the case of an ordinary spherical triangle, to the formulae, 



2 cos -|a cos -§/3 cos \y 
2 cos \a sin -|r/3 sin |-y 
2 sin -|a cos -J/J sin -|y 
2 sin -Ja sin -|/3 cos ^y 



cot r 

N cot r x 

N cot r 2 
N cot n 



> 



where 



j 



N 2 ~— cos s.cos (.<? — a). cos (s—j8).cos (s—y). 



In our present case, the radii will be given by formulae similar to 



K(cot r x -\- cos o) cot r) + 



0, 


cot r l9 


cot r 2 , 


cot 7\ 


JL a 


-1, 


cosy, 


cos /3 


1 


cos y, 


-1, 


cos a 


1, 


cos/3, 


cos a, 


— 1 



= 0. 



(163) 



148. In exactly the same way as in § 45 we may show that, associated with every 

triangle, there are eight circles analogous to the nine-points circle of a plane triangle, 

each of them touching four of the circles, which touch the sides of the spherical 

triangle ; that is, taking any one of the eight associated triangles formed by three 

circles, say P Q K, the inscribed and escribed circles are touched by another circle. 

If this circle cut the orthogonal circle of the triangle at the angle w, we shall have, as 

in § 46, 

cos 3 w=4 sec s.cos (s — &).eos (s— j8). cos (s — y), . • . . (164) 
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and we also infer, from § 46, that this circle cuts the sides of the triangle PQP at the 
angles /J— y, y—a 9 ra — /3. 

Comparing equation (164) with equation (161) we see that if the circle PQR cut 
the orthogonal circle at the angle o) 9 then cos m= 2 cos a>. Whence we infer that in a 
spherical triangle formed by great circle arcs, the radius p of the nine-points circle, 
and the radius R of the circum-circle, are connected by the formula 

cotp=2cotR. 

In the case of a general spherical triangle, this is replaced by the formula 

cot p — cot p'=2(cot R=— cot B/), 

where p, R are the radii of the analogous circles connected with the triangle, and 
p\ B/ the radii of the corresponding circles connected with the inverse triangle, with 
respect to the orthogonal circle of the triangle. 



Chapter IV. — Power-Coordinates. 

Definition.*—-^ 149-151. 

149. Given any system of circles, say (1, 2, 3, 4), on the surface of a sphere, then 
any circle (great or small), or any point, is completely determinate when its powers 
with respect to the system (1, 2, 3, 4) are known, provided that this system be not a 
system having a common orthogonal circle. 

If then P be any point, we may define the coordinates of P referred to the system 
(1, 2, 3, 4) as any multiples, the same or different, of the powers of P with respect to 
these circles ; thus denoting the coordinates of P by (xyzw), then k l9 h^ & 3 , h h being 
any constant multiples, we may take 

x=k l .ir Ptl9 y=& a .7T P|2 , 2=& J - 7r P,3> w=h>Tr VA . 

Since 7r P)P =0, and rr F}d =l 9 we see at once that the coordinates of any point must 
satisfy a homogeneous quadric relation, viz., 

/P,l,2,3,4\ 
\P, 1,2, 3,4/ ' 

and a non-homogeneous linear relation, 

/P,l,2,3,4\_ 
L \6, 1, 2,3,4/- u - 

The former is called the equation of the Absolute, and will be usually denoted by 
i/f(#, y, z, w) 9 and then the latter may be written 
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l <tt>i. ty±lr 3 lx2. <tt -xr 1 



or 



dyjr dylr d\lr t dilr T 



e » « 



(164*) 



where ^-, as usual, means the partial differential coefficient of i// with respect to x 9 

(k l} k 2 , Jc& h^j being afterwards put for (x, y, z, id), and where K is some constant, 

150. If S be any small circle, we may define the coordinates of S with respect to 
the system (1, 2, 3, 4) as constant multiples of the powers ; thus, denoting them by 
£ rj, £, o>, we will take 

^—k^s^ 7)=k^7r 8i2i ^=^ 3 .ir S|3 , <u = ^.7r s>4 ,; 

/c 1? & 3 , & 3 , & 4 having the same values as in § 149, 

Since ^^=1, we see that the coordinates of any small circle must satisfy the non- 
homogeneous linear relation 

^i^+^^+%g7;+^g w =K e . . . . . . . (165) 

151. If, however, S be a great circle, we shall have, since 7r Sj0 — 0, 7r SjS — — 1, the 
homogeneous linear relation, 



and the non-homogeneous quadric relation, 

&J XL? I W ft /I « fe* « vC/ I ***"""• JL Ik. # « a o 6- « 9 . © O S \ X Vjf | I 

The Small Circle.—®, 152-157. 

152, If P be any point on the circle S whose coordinates are (£ ??, £, <o), we shall 

have by the equation 

/P, 1,2, 3, 4\ 

\S, 1,2,3,4/ 3 
since ir P>s =0, 

3^ 3i|r 3^ 3^ , . 

>sva5+^y+^2+Y~w==0. . •" • • •■ • * • (168) 
0% crj J o£ ceo \ / 

Thus the equation of a small circle is of the first degree. 
It follows that the equation of the first degree, say 
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will represent in general a small spherical circle, whose coordinates are given by 



dyjr 9i/r 9-v/r 9i|r 

9£ d?) 9£ _9ft> 

a 



K 



. (169) 



bed aki + bkci + cJcs + dk^ 
by equation (165), 

153, Given any two circles whose coordinates are (f, rj, £, co), (£', r( \ £', a/), their 
power tt is given by 

VS', 1, 2, 3, 4/ ' 



or 



' *ty_i_ /jty . //jty . / 3^T . 



7T. K = (*"' "^TT+T? ~^~"+ ^'-^7 + ft)' 



9f 



^ 



a^ 



• » e 



?0) 



. . . (170) 



and the radius r of the circle (l^co) w iU consequently be given by. 



tan 2 r.K=2i/j(<f ? ^, £, <o). ....... (171) 



154. It follows that the radius of the circle 



will be given by 



where 



ax-\-by-\-cz-{-dw=0 } 



a l,l> a l>2> a h& a l»4<? a 

a '2,l? %,2> %,3> a 2,U ^ 

a 3,l> a 3,2> a 3,3? a 3,4J C 

a 4,l> a 4,3> a 4,3? a 4,^ C ^ 



a, 



b, c, d, M tan s r 



M: 



K 



(a^+^ 3 +c^ 3 +(i^) 3 , 



= 0; . . . . (172) 



and where a L1 , a L3 , &c, are the coefficients in the equation of the absolute, so that 

\jj(xyzw)=:a hl x l -\-2a h 2xy'{' . . . 
155. Again, the power of the circle (£>?£a>) with respect to the circle 



ax-\- by-\-c%-\> dw= 0, 



is clearly given by 



7T- 



a^-i-brj + c^+dco 
aJc l + bk fi -\-ck S 'i-dk ii 



• « * » 



... 



(173) 
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156 a And further, the power of the two circles, 



will be given by 



where 



ax-^-by+cz-^-dw = 0, 
ax -\-Vy-\-dz + rf' w = , 

a l,l» a i,2> a i,3? ^1,4? a 

a 2,l' a 2»2? %,3> a 2,4? ^ 

C %,I* a 3,2> a 3,3> a '3,4<> C 

%,!> a 4,2> %.3> a 4 s 45 C ' 



a 



6'. 



c, 



r/' 



■LtJL f J 



0; 



M~r~(a/c 1 + &/%+ c& 3 +c%,,)(a'&i+ 61: 3 +c7%+crA; 4 ). 



■J-jtu 



• (174) 



Whence, if the two circles cut at an angle <£, we have 



where 



COS</>: 



^(a^ b, c. d) = 



a' 4- v + c ' — f- ^ — 

cfe o6 oc dd 



2 x / x L f (a, I, c, d)."¥(a, b, c } d) ' 



c h,v <h,2> «i,3> a lA> a 

Ct 2,l> a 2,2? %,3? Ci %¥ v 

a 3,]5 a 3,2? a 3,3? a '3»# ° 

a 4,l> a 4,23 %,3? a 4,# C ^ 



a. 



&, 



C/« 



d, 







. (175) 



157, The coordinates of 0, the imaginary circle at Infinity, are evidently k l9 k 2 , & 3 , /c 4 
and the equation of this circle Is 



(176) 



3ifr 9i/r 3^ 3iir 
3/^ ^dfc 3/^ 3& 4 



S 5 



its radius is equal to tan l \/ — 1. 



2%e 6?rea£ Circle,—^ 158, 159, 
158, The equation of the first degree 

will represent a great circle on the sphere, when 



ak x + bk 2 + c/% + cM^ = ; 



a 



. . . . (177) 
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and if this condition be satisfied, its coordinates will be given by 



*\ 



C^ d^fr 3-^r d^jr 

^___^^_ 9 ?_ 9ft> _ /2KA 



a 



c 



d 



« * 



(178) 



by equation (1-67), where ^ has the same meaning as in § 156, and where 






a i,l a l,2 a l,3 a J,4 
a 2 5 l a 2»2 a 2,3 a 2,4 



a 3»l a 3,2 a 3,3 a 3,4 
a 4,l a 4»2 a 4,3 a 4,4 



159. The power of the great circle (irjt,a)) with respect to the small circle 



ax-\-by-{'CZ-\'dw=O i 



is given by 



7T 






a% + h} + c£+da) 



as in S 155. 

But if the equation ax-{-by-\-cz-{-dw=Q represent a great circle, then the power of 
any other circle (f y)£cq) with respect to it is 



\f — ^•( a £+& 7 74"0£+ c fo*)» . 



• • • • • 



179) 



The angle between two great circles whose equations are given is the same as that 
given by equation (175). 

The Point— -88 160-162, 
160. The power of the point (xyzw) with respect to the circle 



is equal to 



ax+by^cz+dw—O, 

ax -f by -f cz -f d/w 



or 



ft.^-j -f hk ?M -f c/% H- <^'/ 



(ct#+&y+ c ^+ ^) 




iU amwSl A. Jkw 



^ ? 



according as the equation represents a small circle or a great circle, 



4 c 
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161. The power of two points (ocyzw), (x'y'z'w') is, by equation (168), given by 



,3^ ,9^ f dfy ,d^r 



7^K=^ / -^-+2/ , ^ +2 / -^-+ty / " 



which, since 
may be written 



a 



w 



\j)(xyzw) = 0, \fj(x'y'z'iv')~0, 



(180) 



162. If R be the radius of the sphere, and (A, B, C) any three points, we have by 

equation (141), 

'0, A, B, C\ 36 rTT/A ^ ^,, 2 



III 



0, A, 13_, C 



2^-«{V(A 3 B, C)} 



and by § 132 



111 \ VTT( 

0, A, B, G X ll, 2, 3, 4 



ni 



'0, A, B, C\ 1 2 

x ? *j^ ? rx 



Hence, if (#i#i2i&0i), { x %V^H w %)i> { x £hH w z) ^ e ^^ e coordinates of A, B, C, referred to 
the system (1, 2 5 3, 4), we shall have 



Y(ABC)=/* 



ryt ry* rv> [/> 

<^\9 ^25 ^3? ^l 



l: 



V\9 y& 



*i> % % 



W x , ?%, 10%, /% 



(181) 



where 






Coordinate Systems of Reference*— §§ 163, 164, 

163. There are two convenient systems of reference : (L) four mutually orthotomic 
circles, called the orthogonal system ; (iL) two orthogonal circles and their two points 
of intersection, called the semi-orthogonal system. A particular case of the former 
would be three great circles cutting orthogonally and the imaginary circle at infinity. 

(i.) If the system (1, 2, 3$ 4) be an orthogonal system, we shall find it most 
convenient to take k lf k 2P & 3 , & 4 equal respectively to the cotangents of the radii 
of the circles (1, 2, 3, 4). So that the equation of the absolute will be 

\ft(x, y, z, w)=x^-\~y % -{-z 2 -\~w 2 ^Q ; 

and referring to § 137, we see that we shall have 



and 



also we have 






(a, b^ c, d)==:a 3 +& 3 +€ 2 +<# ; 



cot 2 r x + cot 3 r. z -\- cot 2 r B + cot 2 ?* 4 = —I 
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(ii.) If the system (1, 2, 3, 4) be a semi-orthogonal system, we may take ^ x = cot r v 
Jc 2 = cot r 3 , & 3 =& 4 := cosec e, where r l3 r % are the radii of the circles, 2e their common 
chord. We shall have by § 149, 

\jj(xyziv) =x 2 -\-y 2 — zw, 

JSl. — —— Z, 

W(abcd)=a?-\-b*---±cd ; 
and also 

cot 2 r x + cot 2 r 3 — cot 3 e= 0. 

164. By § 128, if two circles S, S' be inverted with respect to any point (O) on the 
sphere, then the expression 

is unaltered. Hence, if (xyzw) be the coordinates of any point referred to a system 
(1, 2, 3, 4), and (XYZW) be the coordinates of the inverse point, with respect to any 
point (O), referred to the inverse system with respect to the same point, we must have 

#=aX, y=fiY, z=yZ, w=yW ; 

and if £, ??, £, o> be the coordinates of any circle, the coordinates of the corresponding 
circle referred to the new system will be <&£ fir), y£, Sco : a/3yS being some constants. 



Chapter V.— General Equation of the Second Degree jn Power- 
Coordinates. 

Nature of the Curve. — 8 165. 

165. The most general form of the equation of the second degree may be written 
<f>(x, y } z, w)=aa?+by*+c%*+dvfi+2fy% + 2gzx+^ (182) 

(xyzw) being the coordinates of a point, and therefore satisfying the equation of the 
absolute \jj, which is alsp of the second degree; it follows, then, that the general 
equation of the second degree contains only eight arbitrary constants, 

Let P be any point on the curve, and let the Cartesian coordinates of P referred to 
rectangular axes through the centre of the sphere be X, Y, Z ; &nd let R be the radius 
of the sphere, then by § 125 we see that we may put 

x=X*+Y*+Z*-a l X-b l Y-c l Z, 

2=XHY 2 +Z 2 -a 3 X-& 3 Y-c 3 Z, 

^P+YHZ 2 -%X-&,Y-c 4 Z. 

4 c2 
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Substituting for (x, y, z, w) in equation (182), we see that the curve in question is 
the curve of intersection of the surfaces 

X a +Y*+Z 2 =R 3 , 
and 

TJ 1 and XT 3 being homogeneous expressions of the first and second degree respectively 
in (X, Y, Z). 

So that the curve is the complete intersection of a sphere with a quadric surface^ 
and therefore may be called a u spheri-quadric." These curves have been extensively 
studied. Casey calls them sphero-quartics (" Cy elides and Sphero-quartics," (1871). 
'Phil. Trans,/ vol 161), Dakboux calls them spherical cyclics (' Sur une Classe 
remarquable de Courbes et de Surfaces Algebriques/ 1873), Mr, H. M. Jeffery 
('London Math. Soc. Proc./ vol 20 ? 1885, p. 102) has proposed to call them sphere- 
cyclides. The name spheri-quadric is due to Professor Cayley. 



Equation to Tangent at any Point— § 166-171. 

166. Let (ijjiZfi*) he the coordinates of any circle touching the spheri-quadric 
<f>(xyzw)=Q at the point (x'yz'w), then \jj(xyzw) = Q being the equation of the absolute 3 
we must have 









d# dy ^ oz ow 

3^~ 3-f , 3iK . 3^ rj , A 

~zr;OX 4--^- bit -\-^-tOZ +7r L - / 0t(; =0. 

ox oy J oz ovj 



And hence we must have 



^r 3-\|r 3-^r 8^ 

3 £ __ 3?; _ 3 f _ 3g> 



3<f> 3-\lr 3(f) 9i/r 3$ ^3*^ 30 7 3-*K 

dx f dx' dy f " dy f dz' dz f div f dw f 



© 3 



183 



where h is indetenninate. 

Hence every circle which touches the curve at the point (x'yYw') has its equation 
of the form 



.r^+y^/H"^+^^)(^+^) :=: 0* * '■ ■ » • } (184) 



\ o;w a?/ 
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167. To determine the equation of the tangent {i.e., tangent great circle) to the 
curve at the point (xyzw\ we must determine h in equation (184), so that the 
equation may be satisfied by (h^hcjc^k^ the coordinates of the circle at infinity. Thus 
the equation of the tangent is 



' 3i/r , 7 3^ - 3a/t 7 3^V ^ . ^ i ^ i ^ \ 



a 



ow 



(185) 



168. The circle given by equations (183) or (184) will touch the curve at the point 
(x y z w ) it 

$£.+k^t Q+k^ fy+k*t£ ^i + /, a ^ 

dx f dx / dy' 3/__ Ss' dz' dw f dt// . 

a^ 3^ 7 y 3/ &" &" 810" 9^' 



i.e., if & satisfy the quartic equation 



V* \s» * 



3 3 


a 3 


a a 


a 3 


a^' 


dxdy' 


3^3^ ? 


dxdw 


a 3 


a a 


a 3 


32 


dxdy' 


a/' 


a^a^' 


dydw 


3 3 


a 2 


a 3 


3 2 


3<2xte' 


di/dz' 


a^ 3 ' 


dzdw 


a 3 


3 3 


a 3 


3 3 


a^aw' 


dydiv' 


a^3w' 


3t# 2 






H(<£+Jh/»)=0, . 



(^+fe/r)=0, 



(186) 



where H(^) denotes the Hessian of w. 

We infer then that there are, in general, four systems of bitangent circles, each 
circle belonging to a particular system cutting a certain circle orthogonally ; the 
coordinates of these four circles being proportional to the minors of the constituents of 
any row of the above determinants, corresponding to the four values of k a 

169. If the coordinates of a bitangent circle satisfy the condition 

y dyjr . 7 3-^,7 3^ , 7 3^ ^ 



at 



a 



the circle is a great circle; there will, in general, be eight such great circles, two 
belonging to each system of bitangent circles. 
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170. If the coordinates of a bitangent circle satisfy the equation of the absolute, the 
circle reduces to a point and corresponds to a focus of a plane bicircular quartic— 
there are clearly sixteen such foci, four on each of the circles which cut the bitangent 
systems orthogonally. Dr. Casey (" Cy elides and Sphero-Quarties 5 ') calls these 
single-foci. 

171. It is clear that, if by any linear transformation of coordinates the equations 
0=O 5 \fi=0 become respectively <3>=0 ? "&=Q, then the same value of h which satisfies 
H.((f>+k\jj) = must also satisfy H(4>+^P) = 0. 

Hence the coefficients of powers of h in the equation (186) are invariants. 

Equation of the Normal at any Point,— -§§ 172-174, 



172, Let (£r)Ca>) be the coordinates of any circle which cuts the curve (p(xyzw) = Q 
orthogonally at the point (xy'ziv), then we must have 



for all values of h 

173. It follows that the coordinates of the normal {i.e. 9 great circle) at (x F y f zw f ) 
must satisfy 

d(f> 8 30 , y d(p i 30 



dt 



d\ ' - dk s 



dk 



0, 



t dyjr dyfr y dyfr ■ d^ 

%* , „ miw *Y% ~"™"* ttaJLna / «*— — — ' nigral f* \ — ' — 

^dx' ^ v fy ^3/ ^ dw' 



4 



Hence the equation of the normal is 



d-ijr dyjr dty d'xfr 



dx> 


dy ! 


dz' 


dw 


30 


30 


30 


30 


dx" 


dy" 


dz" 


dw' 


dyjr 


3i|r 


dyfr 


d^fr 


dx" 


dy" 


dz n 


dw f 


dijr 


C\jr 


dyfr 


dyfr 



dh 



av 



3V 



174 e From equation (187) we can deduce 



3& 



'4 



0* 



e « 9 



(188) 



,3$ ,3^ ,30 ,30 
*3| +^3, + 2 3T +W; S^ 



, 8llr , Bylr , 3^ , 3^ 

x 3f +y 97+ Z 3? + W 3e7= ' 



MR. R. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 567 

If then (I^Cca) be so chosen that 

d(f> d(f> d(j> dcj) 

dg drj 3£ _9<w 

d^ 9i/r 3-^r 3i/r ' ? 

3^ drj 3£ 3o> 

then the circle (^7^) cuts <j>(xyzw) orthogonally in each of the four points in which it 
meets it ; we see at once that p. must satisfy the equation 

which is the same equation as in § 168 ; the coordinates of the four orthogonal circles 
corresponding to the four values of /x, being proportional to the minors of the deter- 
minant H(<£+/xi/f). 

The Principal Circles. — §§ 175-179* 

175. The four orthogonal circles found in the last article are usually called the 
principal circles of the curve. By § 168, we see that a spheri-quadric is the envelope 
of a series of circles which cut one of the principal circles orthogonally, and it is 
evident by inversion that the ctifve must be anallagmatic* i.e., its own inverse with 
respect to each of its four principal circles ; also each point in which a principal circle 
cuts a spheri-quadric must be a cyclic point on the curve ; there are in general sixteen 
such points. Again, the double great circle tangents are the tangents which can be 
drawn from the poles of the principal circles. 

176. It is easily proved, as in § 81, that any two circles corresponding to different 
values of k given by H(<£+^/0=O, cut orthogonally ; hence* if the four roots of the 
discriminating quartic be different there are four principal circles which are mutually 
orthotomic, and the poles of these circles must be such that the arc joining any two is 
perpendicular to the arc joining the remaining two. 

177. If the roots of ~H.(<f>+hji) = are all different* then we can reduce the equation 

to the form 

ax 2 + by 2 + GZ% + dw 2 = > 

the system of reference being the four principal circles* and a* 6, c, d being the roots 
of the discriminating quartic. 

178. If two roots of the quartic H(<£+fo/r) are equal, then taking the two principal 

circles corresponding to the two other values of h 9 and any other circles forming with 

them an orthogonal system, as circles of reference, we can reduce the equation to the 

form 

ax i +by^+cz %J rdw^-\-2nzw^Q> 

and, exactly as in § 83, we see that if one of the two circles (x, y) be imaginary, 
then the discriminating quartic can have two equal roots only when 

c=d, n^O ; 
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in which case the equation reduces to 

ax*-\-by 2 -{-cz 2 -\-cwP=0, 

which represents two imaginary circles. 

But if (&, y) be both real, then by taking for system of reference the two principal 
circles (x, y), and their two points of intersection (z, w) we can show that the equation 
may be reduced to the form 

the equation of the absolute being 

x*-\-y*=4:Zio. 

A spheri-quadric represented by an equation of this form has a finite node, viz., the 
point z=0* 

179. Now, let us suppose the discriminating quartic to have three equal roots, then, 
as in § 84, we can show that if we take as system of reference the principal circle [x) 
corresponding to the unequal root, the node (z), and the circle (y) 9 passing through 
(z), cutting (x) orthogonally, and passing through the other point (w), in which (x) 
cuts the curve : the equation may be reduced to the form 

x*=%fyz. 

The point z is clearly a cusp, the circle $=0 being the cuspidal edge. 

Observation.— If we suppose two of our circles of reference to be great circles, the 
curves degenerate into sphero-conics. As from § 128, it is clear that inversion is 
merely equivalent to a linear transformation, nodal and cuspidal spheri-quadrics are 
the inverse curves of sphero-conics. 



Chapter "VI. -—Classification of Spheri-quadrics. 

The method followed in Part I. for the classification of bicircular quartics is not 
suited for a systematic classification of spheri-quadrics, for which see Casey, " On 
Cyclides and Sphero-Quartics/' chap. xi. In this memoir it is only proposed to 
discuss the chief properties of the curves, following the order of chap, vii., Part I, 

General Spheri-quadric, — §§ 1 8 0-1 8 4. 4f \ 

180. The equation of the curve is of the form 

ax 1 + by* + cz 2 + dvr = , 
and the equation of the absolute may be taken as 
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where the coordinates of the circle at infinity are cot r v cot r a , cot r 3 , cot r 4 ; r v r 2 , r 3 , r 4 

being the radii of the principal circles. 

181. The coordinates of any circle touching the curve at the point (afi/z'w') must be 

proportional to 

(a-\-Jc)af, (b+k)y f , (c+k)z f , (d+k)w\ 

The equation to the tangent at the point will be, 

(xx-\-y f y-\-z'z+io f w)(ax f cot r^by' cot r^cz cot r%-\-dw cot r 4 ) 
= (ax / x-\-by f y+cz / z+dw / tv)(x / cot r^y' cot r%-\-z' cot r 3 +w' cot r 4 ). (1 89) 



The equation to the normal at the point (x'y'z'w') will be, 



•4/ j 


y> 


/V4 


w 


/ 


t 

y 9 


/ 


w' 


/ 

(JLlAJ , 


fy> 


02;', 


dw 


cot 1\, 


cot r 2 , 


cot r 3 , 


cot r 4 







• * 



. . . (190) 



182. The systems of bitangent circles will be given by, 



b — 0, „. + _ _. "i 



*\ 



&-— & c— -a <#-— a 



r , ? 3 



Ct) 



2 



~> — —^ J-— 2 — 4- 

' a — & c — & a — & 

&— c o — c d—c 



= 



= 



> ; 



o>=0, 



:2 



a—d ' 5— rf e— c£ 







= 



-y 



and the coordinates of the single foci will be given by, 



• * • * . * \i.t7L/ 



x=0, 



y=0, 



2=0, 



w=0, 
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w^ 
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-d){h- 


-a) 


~(d- 


-b)(c- 


-a) 


-(h-c)(d- 


-a) 




9 

ryta 














(p- 


-d)(a- 


-by 


~(d- 


-a)(c- 


-b)~ 


(a—c)(d- 


~b) 




/YH& 


« 




9 

r 






(a—b)(d- 




(b- 


-d)(a- 


-o)" 


~(d- 


- #)(& - 


-<0~ 


-«) 




(A/ 















<b- 


-c){a- 


-d)- 


"(«- 


-a)(6- 


-rf)~ 


(a — b)(c- 


-d) 



)>..... (192) 



The curve has also six double foci (see Casey, " Cyclides," § 130), and thus the 
twenty-eight points of intersection of the eight common tangents of the curve and 
the circle at infinity are accounted for. 

MDCCCLXXXVI. 4 D 
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183. From the form of the equations (192), it follows that all curves given by 

JUL— J 1—jl— — l JUL- — o (193) 

must be confocal with the curve 

Subtracting these equations, we have 

X * X^jt . t—JL. _J?L_ _ A 

1/19/ DF). , ..\T..t)/0 , \ I ^9/^9. , \ V * 



a 3 3 + tf) ' /3 3 (/3 3 -f«0 ' 7 3 (y 3 + /c) ' &(& + *) 

Hence the curves cut orthogonally at their common points. 

And since equation (193) may be regarded as a quadratic in k, we infer that 
through any point on a sphere two spheri-quadrics can be drawn confocal with a 
given spheri-quadric, and these two cut orthogonally. 

184. We may prove exactly, as in § 123, that the coordinates of the osculating 
circle at any point (xyziv) on the curve 

ax 1 + by 9, + C2 2 + dw 2 = 0, 
will be proportional to 

(a— 6)(a— c)(a— d)x^ y (b— a)(b— c}(6 — d)y' s , (c—a)(c--b)(c--d)z*, 

(d—a)(d—b)(d—c)w' 3 ; ...... (194) 

and if R be the radius of curvature at the point we shall have by § 154, 

(a*a?*+Wy'*+ch'*+d*u/y.<nt R 

= (a—b)(a—c)(a—d) cot r l x /s -\-(b—a)(b—-c)(b—d) cot r$' z 

+ (c— a)(c— b)(c— d) cot r 2 z s +(d— a)(d— -b)(d— c) cot r 3 w' 3 . . (195) 

184*. If one of the principal circles is a great circle, the corresponding foci may 
coincide with the centres of one of the other principal circles ; in this case the curve 

rrr 

has been called by Casey a " sphero-Cartesian." Thus suppose ^4=^, and let one of 

the foci on w=0 coincide with the centre of the circle whose radius is r l9 the coordi- 
nates of this point are — - cosec r l9 cot r s , cot r 3 ; and the necessary condition that the 
curve 

ax 2 + by 2 + cz 2 + diu 2 = 
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may represent a " Cartesian " is given by 



cosec 2 r-, , cot 3 r 9 , cot 3 r q 

— v~+iri+ — i = °< 

a—a o~d c—d 



(196; 



Spheri-quadrics having a Third Node. — §§ 185-189. 



185. The equation of the curve is of the form 



ax^+by^+cz^—Q, 



the equation of the absolute being 



ar-\-y z —zw ; 



where the coordinates of the circle at infinity are cot r l9 cot r %9 cosec e, cosec e ; r l9 r 2 
being the radii of the two principal circles, and 2e the arc between their points of 
intersection. 

186. The coordinates (£r]£a)) of any circle which touches the curve at the point 
(xy'z'w) are given by 

n ^ -« -f 



(a + 2kyxf~ (b + 2k)y' cz' -lew' —hz 



i • 



The equation of the tangent at the point will be, 

(2xx-\-2y'y—tv'z—z'w)(ax cot r x +by f cot r 2 +cz cosec e) 

=z(ax'x-\-by'y-\-czz)(2x cot r Y -\-2y' cot r%—w' cosec e—z cosec e). . (197) 

The equation of the normal at {xy'z'w') will be, 



2a;, 


%> 




— W 9 


— z 


2a/, 


%', 




— w', 


— z 


/ 
CvX 9 


¥, 




c^', 





2 cot r l5 


2 cot 


^2> 


— cosec e 9 


— cosec e 



= 0. . . (198) 



187. The systems of bitangent circles will be given by 



b—a a 



r 



y=o,z— 1+ 



a—b l b 



a 9. 



~\ 







>; 



o 



j 



4 D 2 



(199) 
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and the coordinates of the foci by 

« (b~a)c ^ 

J ah 



(a — b)c cy 

y=0, x*=zw=~ — : — z* 
* ' ah 



(200) 



188. From the form of these equations we see that every curve whose equation is 
of the form 



ryti ■■) l& iyZ 



is confocal with the curve 



and subtracting we have 



a 2 + /e /3 3 + /e 7 









*V + *0 /3 3 (/3 3 + *) 



Hence two such curves intersect orthogonally. 

We infer that through any point on a sphere two spheri-quadrics can be drawn 
confocal with a given nodal-spheri-quadric ; and these curves will cut orthogonally. 

189. If r%=~ and the coefficients a, b, c in the equation 

ax* + by* At cz*= 0, 
satisfy the relation 

(a—b)c=ab, (201) 

then one of the foci on the principal circle y=0 coincides with the centre of the 
other principal circle, and the curve becomes a Cartesian, having a third node. 

Cuspidal Spheri-quadrics. — §§ 190-192. 

190. The equation of the curve is of the form 

x*~2ayz, 

the system of reference being the principal circle, the circle orthogonal to it through 
the cusp and the other point, in which the principal circle cuts the curve, the cusp 
and the other point common to the two circles. 

If r l9 r % be the radii of the circles, 2e the arc between their points of intersection, 
we may take the equation of the absolute as 

x*-\-y*=ziv, 

the coordinates of the circle at infinity being cot r l9 cot r 2 , cosec <3, cosec e. 
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191. The coordinates (f*?£to) of any circle which, touches the curve at the point 
(x'y'z'w') must satisfy 

2£ 2rj ~-o) — £ 

( 1 + 2h)x f —az' + 2ky / — ay' — W — kz f 

The equation of the tangent at (x'y'z'w') will be 

(2x'x-\-2y'y—wz—wz')(x cot r l —az / cot T % —ay f cosec e) 
=(x'x—az'y—ay'z)(2x' cot rj + %' cot n 3 — (w'+^O cosec e) , . . (202) 

The equation of the normal at (x'y'z'w') will be, 



2as, 



Jy ^ 



2 cot r 1? 



2y, 

/ 

2 cot r 2 , 



w\. 

ay\ 



z 



z 







cosec e 9 cosec e 



= 0. . 



• • 



(203) 



192, The system of bitangent circles is given by 



f=0, (fl— al£f=t > Q) (204) 



The focus of the curve is given by 



x y z 2iu 
0"~~$~~~2 a? ' 



t • • » ♦ • * • I 4Uu I 



Equation of a Spheri-quadric Referred to three Circles Orthogonal to one of its 

Principal Circles. — §§ 193-198, 

193. Let tv=0 be one of the principal circles of a spheri-quadric ; then if (as, y, z) 

are any three circles orthogonal to w, the equation of the spheri-quadric must be of 

the form 

w*+f(x,y, z) = 0, 

and the equation of the absolute will also be of the same form. Hence, by subtraction, 
we have for the equation of the spheri-quadric 



ax 



2-\-by'*-\-cz 2 -{-2fyz-\-2gzX'i-2hxy=0, (206) 



and this is a form to which the equation of any spheri-quadric can be reduced. 

194. We shall find it convenient to suppose the coordinates (xyz) to be equal to the 
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powers of a point with respect to the three circles of reference; then by §136, 
equation (147), the equation of any circle orthogonal to iv will be given by 



ax-{-fSy-\-yz-=.Q, 



(207) 



where a, fH, y are proportional to the triangular coordinates of the pole of the circle 
referred to the triangle formed by the poles of the circles (x, y, z). 

Suppose, now, the circle given by (206) to be a bitangent circle of the spheri- 
quadric (205), then we must have 

= (208) 



a, h, 


g, « 


h, b, 


/. fi 


9> f> 


o, y 


a, /3, 


y, 



Hence it follows that the poles of all bitangent circles belonging to the same system 
lie on a sphero-conic; or again, the spheri-quadric (205) is the envelope of circles 
whose poles lie on (208), and which cut a given circle ^=0 orthogonally. 

195. If the circles (x, y, z) are the other three principal circles of the curve (205), we 
know that the equation of the curve is of the form 

aa?-\-by*-\-cz*=0 9 

hence the equation of the sphero-conic is 

a o c 

Thus the sphero-conic corresponding to one principal circle is self-conjugate to the 
triangle formed by the poles of the other three principal circles. 

196. Again, in the case of a nodal-spheri-quadric the equation of the curve referred 
to its other principal circle, and the two points in which its two principal circles 

intersect, is of the form 

ax 2 + b y 2 + 2fyz = , 

so that the equation of the sphero-conic must be 

f*a*—dbf+2afPy=0. 

Thus the sphero-conic must pass through the node. 

197. Let (y, z) be any two bitangent circles, (x) the circle which passes through their 
four points of contact ; the equation of the curve takes the form 



x 2 z=:2fyz } 
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and the sphero-conic must be given by 

As a particular ease, we may suppose (y, z) to be the pair of great circles which can 
be drawn from the pole of (iv) to have double contact with the curve, and then it 
follows that the centre of the sphero-conic coincides with the centre of the circle 
which passes through the points of contact of these double tangents : i.e., the centre 
of the sphero-conic coincides with the centre of the polar circle of the centre of w 
with respect to the spheri-quadrie. 

198. Taking for circles of reference any three bitangent circles orthogonal to iv, the 
equation of the curve takes the form 

ay/x+bx/y-^-cx/z^O, 
and the equation of the sphero-conic becomes 

a -+ h i+ c -=o. 

Hence, if P be any point on the curve, A, B, C three foci on the same principal 
circle, then 

a. sin 1AP+6. sin JBP+c. sin \GF=0 (209) 

Or, again, if the curve is a sphero-Cartesian, so that the sphero-conic becomes a circle, 
then A, B, C being the centres of any three bitangent circles of the system, P a point 
on the curve ; 2p, 2q, 2r the tangents from P to these circles ; we have 

sin \a. sin ^p+ sin -|6. sin \q-\- sin \c. sin ^r=0, . . . . (210) 
a, b, c being the sides of the triangle ABC. 



PART III.— SYSTEMS OF SPHERES. 

Chapter I. — General Systems of Spheres. 
The Poiver of two Spheres. — §§ 199-201. 

199. The power of two spheres is the square of the distance between their centres 
less the sum of the squares of their radii. 

Thus if any two spheres be denoted by (1, 2) we shall have 
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where n h2 denotes their power, r l9 r 2 their radii, a) h % their angle of intersection, d h2 
the distance between their centres. 

The definition is due to Darboux (' Annales de TEcole Normale Superieure/ vol. 1, 
1872); it is also given in a paper to be found in Clifford's 'Mathematical Papers/ 
p. 332 ; the date of which paper is assigned by the editor as 1868 (see note on p. 332). 

200. If the equations of two spheres be 

x 2 +y*+z 2 +2fx -\-2gy + 2hz +c =0, 
rf+y*+z*+2fx+2g'y-\-2h'z+c'=Q ; 

we have at once for their power 

ir=zc+c'-2ff~-2gg'-~2hh' (211) 

Extending the definition given in § 4, the power of a sphere and a plane may be 
defined as twice the perpendicular distance of the centre from the plane ; thus the 
power of the sphere 

x*+y*+z*+2fx+2gy+2hz+c=0, 
and the plane 

x cos a+2/ cos /3+^ cosy— p=0 5 
will be 

7r=2p — 2/cos a — 2<7 cos /3— 2/^ cos y (212) 

And similarly the power of two planes may be defined as twice the cosine of the 
angle between them. 

Also if 6 denote the plane at infinity, S any sphere, or point (considered as a sphere 
of indefinitely small radius), we shall have 

and if L be any plane, 7r 0>L =O ; and also 77^ 0=0. 

201. If we take the inverse spheres, with respect to a sphere whose centre is the 
origin and radius R, of the spheres 

a? s +2/ 2 +z 3 + 2fx~\-2gy + 2kz +c =0, 
a?+y*+z*+2fx+2g'y + 2h'z+c'=0 ; 

we see at once, that the power 7/ of the inverse spheres is connected with the 
power of the original spheres by the formula 

R 4 



77 =77V 



cd ' 
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whence we deduce at once, denoting the spheres by S 15 S a , and the inverse spheres by 

o ]5 O 2j 

^Vg^ — ^ n y a __ - 

(0) denoting the origin. 

And generally, if a?, y denote either spheres, points, or planes, we infer that the 
expression 

..... J^M^ .... 

is unaltered by inverting on the point (0). 



General Theorems— %% 202-205. 

202. If we have a system of six spheres, say (1, 2, 3, 4, 5, 6), their powers with 
respect to any other system of six spheres, say (7, 8, 9, 10, 11, 12), are connected 
by the relation 

J X, a, Oj 'itj 0, D \ ^ 

\7, 8, 9, 10, 11, 12/ - " • 
For if we multiply together the matrices 
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X, 


2/i. 


2<7n 


Zilb-if 


c l 
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%fz> 


^9%> 


2hc,, 


c % 


1 

X, 


2/3? 


L 9& 


2/1%, 


C 3 


X , . 


2/4, 


&9& 


%K 


C 4 


1, 


2/5? 


"9 5> 


2A S , 


C 5 


1, 


2/65 


%9& 


2/Iq, 


C 6 



C 8> 
C 9> 

C ll> 



/8> 



•9i> 



98> 
99> 
9lQ> 

9iv 

9n> 






1 
1 
1 
1 
1 
1 



we have at once the equation, 



V 1,T ^l^ ff l,9> "l.lO ^Lll' ff l.]2 



"■2,7> "^j ^.'J' ""SUO* "fcll' 



"s^ 7T 3,8> ^o' ^sao* 



^ea* ""e, s» ^c^ ^ao; '"'eai' 



t'.C ., 



MDCCCLXXXVL 






1, 2, 3, 4, 5, 6 
7, 8, 9, 10, 11, 12, 

4 E 



0; 



aj i# 



^sai' ^as 



^47* ^4,8* ^4*9* ^ao* ^ai* ^isj 
^5,7* ^"5,8^ ^5,9? ^sao* ^sai* ^6,12 



77 6, 12 



0. 



(213) 
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a relation which is clearly true when any of the spheres are replaced by planes, or 
points, or the plane at infinity. 

203. An important case is when the plane at infinity is a member of both systems 
of spheres; thus taking the two systems as (0, 1, 2, 3, 4, 5), (0, 6, 7, 8, 9, 10), we 
have 

/<9,1,2,3,4, 5 Vo- 
\0, 6, 7, 8, 9, 10/ J 

whence, if the radii of the spheres be all different from zero, and they cut at angles 
g> 1i6 , &c., we have 



0, 



n* 



6 



IV* 
/ 7 



r, 



8 



r< 



9 



f. 



10 



1 



COS G) 1|6 , COS CO %Q7 COS CU 3j6> COS 0)^ 6 , COS 0) 5>6 



cos t*> 1)7 , cos o) 2j7 , coso) 3j7> cosg> 4)7 , COS ft> 5>7 



COS G) lt8 , COS 0) %s , cos o) 3i8 , cos co 4)8J cos o> 5}8 



COS 0) h 9, COS 0) % 9 , COS fc> 3> 9, COS 0) 4<? 9 , COS G^ 9 



cos o> lt 10 , cos a> % 10 , COS 0*3,10, cos w 4j 10 , cos © 6( 10 



. (214) 



204. If we have two systems of five spheres each, say (1, 2, 3, 4, 5), (6, 7, 8, 9, 10). 
then we have 



ni 



1,2,3,4, 5\_ 
6, 7, 8, 9, 10/ ~ 


L » 




%1* 
2#2> 


2A 3 , 


C 2 




X * 


*J& 


2g s , 


/ifbo} 






JL % 


2/4? 


%9& 


-*"%? 


C 4 




•L * 


J 5> 


*9& 


Zttl'Kj 


C B 



X 



C 6> 

C 8> 



C 



9> 



O 



10? 



"76> 
■"""/10> 



^10, 



A. 


1 


'"7> 


1 


"■8> 


1 


*9. 


1 


"'in* 


1 



and hence we see that, 



6, 7, 8, 9, 10/ J = ll, 2, 3, 4, 5/ X 1 6, 7, 8, 9, 10/ ' 



(215) 
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205. Aa'ain we have 



(0, 1, 2, 3, 4\ 
\d,l, 2,S,4J ~ 


o, 0, 0, 

1, 2/ l9 2g x , 


o, 


i 


X 




1 > %fil> 2<7 a , 


2h 2 , 


c 3 






1 j 2/s) 2^ 3 , 


2^, 


c 3 






1 > 2/i> 2^ 4 , 


2^ 


C 4 




= 8 


-/i. -.9i> 


— K 


1 


3 




"~ /a> 9z> 


-K 


1 






/3> ^3' 


-K 


1 






"A' ^4* 


—K 


1 





1, 


0, 


0, 


o, 





C l> 


-/1. 


-#i> 


— Aj, 


1 


C 2> 


-/.. 


-%> 


— '«-* 


1 


C 3> 


~~./3> 


-.9s, 


—K 


1 


c 4> 


*~".A> 


-#4> 


—K 


1 



= 288.{V(1, 2, 3, 4)} 3 ; (216) 

where V(i, 2, 3, 4) denotes the volume of the tetrahedron, whose vertices are the 
centres of the spheres (1, 2, 3, 4). 

Again, let P be the common point of the spheres (1, 2, 3), then if P be denoted by 
the symbol (4) we have 



288.{V(l f 2/8 f P)}«=n(J;^Ji; 



o, 

1, 
1, 
1, 
1, 



1, 



77 



2,1> 



7T 



3,1' 



0, 



1, 1, 



^l,!' W hZ> ^l.S* 



IT 



2,2> 



7T 



3,3? 



77 



2,35 



IT 



3,4' 



0, 0, 



1 







= — m 



1, 2, 3' 
1, 2, 3/ 



Thus, if P be a common point of the system (1, 2, S), 



o «r 



ni'J;^) = -288.{V(l,2 > 8,l»)} 4 (217) 
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Chapter II. — Special Systems of Spheres. 



Sphere Cutting Four given Spheres Orthogonally. — §§ 206-208. 



206. Let x denote the sphere which cuts the four given spheres (1, 2, 3, 4) 
orthogonally ; then, since 



we have 



whence, by equation (216), 



'0,^,1,2,3,4 

m e,x,i,2,?,,4- v > 



'0,1,2, 3,4\_ (I, 2, 3,4' 
"■'•""'fl, 1, 2,3, d~ U \l, 2,3,4/ ' 



n /l, 2, 3, 4^ 
_ _ U, 2,3,4, 

" #\ X - — 



288.{V(1, 2, 3, 4)} 3 ' 



Hence the radius of the sphere is given by 



f_ n /l,2,3,4> 

1 \1, 2, 3, 4, 
24.V(1, 2, 3, 4) 



(218) 



207. If the radii of the spheres (1, 2, 3, 4) be all zero, and the sides of the tetra- 
hedron (1, 2, 3, 4) be denoted by a, b, c, a, b', c, we have at once, 



ni 



1, 2, 3, 4\ 
1, 2, 3, 4/ 


o, 

a 3 , 


a 3 , 

o, 


b\ 
e'\ 


c 3 
&' 3 




b\ 


c'\ 


o, 


a' 3 




<- 3 


b'\ 


a , 






w 



here 



= 2b*b'W* + 2AVa' 2 + 2a*a'W* ~ aV* - &*6' 4 - c V 4 
~16 cr.(o-— aa^cr— feb'Xcr — cc x ) ; 



2cr=Laa / + &fr'+cc / . 



Hence the radius of the sphere circumscribing a tetrahedron is equal to 



1 {<r(g- -a^ / )(<7-55 / )( < 7 -- ccf)]} 
6 """"" V 



(219) 



where V denotes the volume of the tetrahedron, which agrees with the known value 
(ToDHUNTER. * Spherical Trig./ § 163). 
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208. If the four spheres meet in a point, the sphere which cuts them orthogonally 
will be coincident with this point, and so the radius must be zero. Hence, if the 
system (1, 2, 3, 4) have a common point, we must have 

/l, 2, 3, 4\ 

1 "I Ci O A I ~~~~' ^"* * * • » . » • » * I jLt Jmi \J I 

\ 1, Z, Of 4/ 



Five Spheres having a Common Orthogonal Sphere. — §§ 209-211, 

209. Suppose the system of spheres (1, 2, 3, 4, 5) have a common orthogonal sphere, 
x say ; then, y denoting any other sphere, the equation 



leads at once to the condition 



, OC-y if &f Of % o , ^ 

"V 1,2,3,4 5'-"' 



nl ^> ^> °> **> ° \ a . /991 \ 

1, J, o ? 4, o 



which is the necessary and sufficient condition that the system may have a common 
orthogonal sphere. 

Similarly, if (6, 7, 8, 9, 10) denote any other system of spheres, we should have, 

since 

/Xf 0, (f o, Uf IV . ^ 

\y> 1? ^> °> ^ ^ 



and hence 



__, I V/j I J Oj t/, XV , - 

1 1,2, 3, 4 5 ' ' 



'6, 7, 8, 9, 10\1 s__ (l, 2, 3, 4 5\ /6, 7, 8, 9, 10' 
111 1, 2, 3, 4 5 j J "" \1, 2, 3, 4 5/ X \6, 7, 8, 9, 10, 



210. It is easy to prove, that if the system of spheres (1, 2, 3, 4, 5) be such that 
the condition (221) is satisfied, then any four of them will be connected with any 
four other spheres (6. 7, 8, 9) by the relation 



JL« *£/« t-', rt , 



2 _tt/ 1 ' 2 > 3 ' 4 Wtt/' 6 > 7 ' 8 > 9, 
_il U 2, 3,4/ Xn U, 7, 8,9/ 



2 1. 1 Suppose now (x) to denote any sphere, then the equation 



, #, 1, 4, o, 4\ 

"4,2,3,4 5/ 
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gives us 



tt/1, 2, 3, 4\ 



77" 



— 7T 



TT /1,2,3,4\ /1,2,3,4\ 

^• 11 U3 ) 4 ) 5/ + 17 ' ,; ' 3 - 11 l v l ) 2,4 ; 5 / i 

/1,2, 3,4\ /l, 2, 3, 4 N 



z,4> 



0; 



applying the theorem of § 210, we have 



^"ff. K • 







n 



1, 2, 3, 4\ 
1,2, 3, 47 J 



7T 



*.l 



n 



+ T 



»- - ,3 



n 



'2, 3, 4, 5' 
2, 3, 4, 6, 

'4, 5, 1, 2' 

,4 5, 1,27 J 



+■"•*, a • 



4""". 



*, 4" 



n 



n 



t.)^ tc^ o^ x 

3, 4, 5, 1 

'5, 1, 2, 3' 
5, 1, 2, 3, 



I 



But if r denote the radius of the common orthogonal sphere, we have by 
equation (218) 



576r 



I,2,3,4\ /2,3,4,5\ /3,4,5,r 

\1,2,3,4 _ 2,3,4,5J__ \3,4,5,1 



'4, 5, 1, 2^ 



5, 1, 2, 3' 



n ' n 

V4, 5, 1, 2/_ V5, 1, 2, 3/ . 



V(l, 2, 3, 4; V(2, 3, 4, 5) V(3, 4, 5, 1) V(4, 5, 1, 2) V(5, 1, 2, 3) ' 



and thus our equation becomes 

ir, f6 .V(l, 2, 3, 4)=ir, fl .V(2, 3, 4, 5)+ir, f2 .V(3, 4, 5, 1) 

+ir* l8 .V(4, 5, 1, 2)+ir, i4 .V(5, 1, 2, 3). 

Thus, if any five spheres have a common orthogonal sphere, and the tetrahedral 
coordinates of the centre of one of them, (5) say, referred to the tetrahedron formed 
by the centres of the other four (1, 2, 3, 4), be a, ft, y, S, then the powers of any other 
sphere are connected by the relation 

7r a . |5 =a.7r a . (1 +^.^,2+y-^ f 3 + 8«^ l 4« • (222) 

As a particular case, if A, B, C, D be the centres of (I, 2, 3, 4), P any point on 
the sphere cutting these orthogonally, and O be any other point, 

a, /3, y 9 8 being the tetrahedral coordinates of P referred to ABCD. 



Orthogonal Systems of Spheres. — §§ 212-214. 

212. Five spheres may be said to form an orthogonal system if they cut one 
another orthogonally. It is clear that the centres of any four must form a tetra- 
hedron, such that the perpendiculars from the angular points on the opposite faces 
meet in a point, viz., the centre of the fifth. 
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If the system be denoted by (1, 2, 3, 4, 5), then (x, y) denoting any other spheres, 
we have, since 

«Xy» X, tiJy O, ^fc, O 



the formula 



ir,,i 



Try/ "7 ~7 ~7 ~7 —7 - \ f\ 

K y, 1, 2, o, 4, 5 



_ 7r *,i- 7I V,i, i ^Xg^yj i ^,8 ^si^^wi^a ^,5 . 



7T 






1,1 



7T 






2,2 



^S 






7T 



+ 



4,4 



^S 



or if the radii of the spheres be r l9 r%, r 3 , r 4 , r 5 , we have, 



9<7T 







1-a a 



? 2 '3 '4 '5 



I Zi Zs o ) 



From this we can deduce at once the formulae- 






T o "T 



2 



2 



7T 3 3 

n 3 



7T 



&'»4 



7T. 



#.5 



2 



4 



n 



4r* s : 



"T* "To ~t" „ 9. r „ 9. 1" .. 



7T* 



2 



>,.♦,.. ^J*2a4y 



r 



2 



'2 ': 



2 



- 2 



4 



where x denotes any sphere. 








>%i 



**>* 1 ^,3 



7T, 



a* «. 2" » ,. 2 1 « a » 



4 



r * - rc> 2 



2 «r 2 

. 7r ^,l 1 ^ 2 



; 3 



77V 



^ 



« 2 



f- 



2 



r, 



2 



1 .9. i 



^ > 



2 



<v» <* 



r. 



2 



* J 



. (225) 



where x denotes any plane. 

Again, taking x and y as coinciding with the plane at infinity, we have, since 

= ::2+:r2+r2+r2"+"r2> ........ \226) 



H '3 '•* /k 



whence we see that one of the five spheres is imaginary. 

213. If any system of spheres, say (1, 2, 3, 4, 5), be given, then the five spheres, 
each of which is orthogonal to four of the given system, form a system, say 
(6, 7, 8, 9, 10), which may be called the " orthogonal" system of the former. 

If (x, y) denote any other spheres, the equation 



X) i, Zj o, 4t, O , ^ 

\y, 6, 7, 8, 9, 10/ ~ 
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gives us 



TTx^ 


^,6? 


^ 7; 


77 ^, 8? 


^•VJ' 


""*', 10 


%1> 


^i^ 


o, 


o, 


o, 





17 lh^ 


o, 


""3,7> 


o, 


o, 





^y.s* 


o, 


o, 


^■i,?,' 


o, 





% 43 


o, 


o, 


o, 


""i, 9' 





^A 5^ 


o, 


o, 


o, 


o, 


""a, 10 



0; 



which may be written 



77", 



,r 



^Xe- 77 *,! . ^,7-^.3 i^.s-^.si 7 ^,^.* , 77 Xio- 77 V, 



7T 



+ 



1,6 



7T 



+ 



2,7 



7T« 



+ 



3,8 



7T 



m4m 



• • • 



4,9 



^6,10 



(227) 



Hence x denoting any sphere, radius r, ; , 



1 = 



Kx, 6 , TT.^ 7 I ^\B i ^X9 i ^ 10 



7T 



2r*: 



1,6 ^M 

7r v,6' 7r z,l 



7T 



3,8 



7T 



4,9 



^5,10 



7T- 






7Ta. f T ir v% 3 TT^g-TT^g 7T,; n .7T 



a?, 9- " #, 4 



1,6 



77" 



2,7 



7T 



3,8. 



7T 



+ 



1,9 



^6,10 



> . 



^.lO' 77 "^, 5 



^> 



(228) 



Or again, if x denote any plane, 



_*r*,6 



= 



7T 



*,7 



7T.^ 8 7T^9 7Ta?,io 



+— + 






""1,6 ""3,7 ""3,8 ""4,9 ""5,10 

""*, 6'"\ 1 I 7r »,7- 7r »,3 _i_ ""*',8- " X3 1 7r *,9- 7r *,4 1 7r *,10-""*, 5 



>-. . . (229) 



7T 



1,6 



77" 



2,7 



7T 



3,8 



7T 



4,9 



7T 



5,10 



Also, taking x and 3/ as coinciding with the plane at infinity, 



= — -j— I _j_ __(._ _|_ A 



7T 



1,6 ^M ^'5,8 ^9 ^6,10 



. . . . (230) 



A particular case would be any five points in space, and the five spheres circum- 
scribing the five tetrahedra; thus by equation (230) we see that the sum of the 
squares of the reciprocals of the tangents from each of five points to the spheres 
passing through the remaining four is zero. 

214. A system of three spheres and their two points of intersection constitute an 
important system, which may be called a " semi-orthogonal " system. Denoting the 
three spheres by (1, 2, 3), and their points of intersection by (4, 5), then if (x, y) 
denote any other spheres, the equation 
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becomes 



. x, 1, 2, 3, 4, 5 

Vl ; 2,3,4,5 l_U 



TTx,y, 


ir*. 


1? 


71 \r, g, 


^3, 


7Tr,4., 


^s 


Ty.i' 


w h 


15 


o, 


o, 


o, 





Ty.g, 


o, 




^^ 


o, 


o, 





Ts^J 


o, 




o, 


K^fr 


0, 





W !J,i> 


o, 




o, 


o, 


o, 


^B 


W </,5> 


o, 




'0, 


o, 


'"i.S' 






= 0; 



which mav be written 



7T, ? „ = 



7 !\vElA i 'Ejl ^Em i 7r *.8* 7r y.3 » ^4^.5 + ^.6^.4. 



y* 



7T 



+ 



1,1 



7T 



+ 



3,2 



7T 



+■ 



3,3 



7T 



4,5 



(231) 



Denoting the radii of the spheres by r l9 r 3 , r 3 , and the distance between their common 
points by e, we have — 

if x denote any sphere, radius r Xi 






ir*,i , 7r gta 



11 <<2 



r» 



+ 



7T 



*,3 



r. 



4 r s 



^.i 3 i ^s 2 



x 



r a T 



r. 



+ 



7T 



*,3 



r, 



g 7r ^,4+* 7r ^5 



e^ 



: e 2 



^; 



(232) 



if x denote any plane, 



= 



7T* fl , TT^jj 



r. 



+-^ + 



7T 



*,3 



^,4 + ^5 



r« 



7T.* -," . 77V a" . IT 



2 __ 2 



n 



r, 



2 



— 4 



e 8 



7r a?,4 ,7r a ? ,5 



f 



(233) 



Also, taking x and y as coincident with the plane at infinity, (231) becomes 



r i 3 r 2 3 r 3 3 g3 



(234) 



Spheres touching one another. — SS 215, 216. 



215. If the system of spheres (1, 2, 3, 4, 5) touch each other externally, the 
equation 

/M,2,3,4,5\_ ft 



MDCCCLXXXVI. 



4 F 
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becomes 



0, 



1 



r c 



n 



1 



r. 



1 



1, -1, 



1, 



1, 1, 



1 



1. 



1 —1 



1, 



JL * 



i, 



JL , JL , JL , x j 



1 



*5 



X ft JL a J- • -»• * X. 



1 



1, -1 



0; 



which may be written 



or 



y? < — 



T" 



Vs. 



3[l o + i_ + ^ + l + ^^YI + I + l_ +: l + nS 



2 



n* ' ?V " n 



rn 



2 



*8 " r 4 



n 



(235) 



21.6. If the spheres (l, 2, 3, 4, 5) have a common tangent sphere, which we will 
denote by (cc), then the equation 

5, 1, 2, 3, 4, 5' 



gives us 



1, 

V7T, 



2,2> 



V ^s,3J 



77 



4,43 



W 5 ,5> 



V^l.l' 



77 



1,1» 



77< 



2,1? 



77 



3,1' 



77 



4,1? 



77 



5,1> 



IK"' "' ~ 7 "' ~ 7 ~ 1 = 0. 
a, 1, 2, 3, 4, 5/ 



^^J 


^^8,3? 


vV*^ 


V^B 


^1,29 


^l,^ 


^l,^ 


^1,5 


^2,2* 


^S* 


^i' 


17 % 5 


^^ 


^3, 3? 


^3,43 


^3, 5 


^S* 


^4, 33 


^i' 


^4,5 


^5, 25 ■ 


^^ 


^M* 


^5,5 



0; 



where the positive or negative sign is to be taken with any expression, such as ^ir m%m 
according as the spheres (m, n) have contact with (x) of the same or opposite kind. 

Now if we write ^,±^77^.77^=^/, in which ^ will denote the length of the 
common tangent of the two spheres (r, 6?), " direct " if the positive sign is to be taken, 
" indirect " if the negative sign is to be taken ; then we can deduce at once from this 
equation the equation of condition, due to Dr. Casey, 
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o, 


f 2 
6 1,2 9 


/ 3 
6 1,3 ^ 


f 3 


f 2 


t 3 


o> 


f 3 

6 2,3 9 


t 2 

6 2,4 ? 


f 3 


JL & 

l %\ 9 


/ 3 

6 3,2 9 


o, 


^3,4 ^ 


/ 2 


t 3 
6 4,1 9 


t 3 

6 4,2 ? 


/ 2 


o, 


/ 3 

6 4,5 


t 3 
6 5,1 9 


t 2 


/ 3 


/ 2 






o, 



(236) 



which must be satisfied if the spheres all touch the same sphere. Supposing this 
condition satisfied, the radius of the tangent sphere is easily found thus. Let 
(6, 7, 8, 9, 10) denote the system of spheres orthogonal to the spheres (1, 2, 3, 4, 5), 
then by equation (228) we have 



w **\ I Z^i_l IEm. i lEMx ^*. 



IT 



1,6 



7T 



2,7 



7T 



3,8 



7T 



4,9 



7T ; 



i; 



,10 



hen 



ce 



1 



2 



^2 , r 3 






n 



1,6 



2,7 



3,8 



4,9 



7T, 



i,10J 



(237) 



where the radii r l9 r 3 , &c. are to be taken with the positive or negative sign, according 
as the contact is external or internal. 



Chapter III. — Spheres Connected with a System oe Four Spheres. 

In this chapter it is proposed to extend a few of the results arrived at in 
Chapter IV., Part I. The formula for the spheres which pass through the points of 
intersection of four spheres, and also for the spheres which touch four spheres, will be 
seen to be exactly analogous to those proved for circles passing through the points of 
intersection of, and touching three given circles. In the case of a tetrahedron there 
does not seem to be any sphere analogous to the nine-points circle of a triangle ; a 
special system of spheres will, however, be mentioned, which have a sphere touching 
their tangent spheres, but even here there is no formula, connecting the radius of this 
sphere with that of the corresponding sphere circumscribing the tetrahedron formed 
by the four spheres, analogous to the formula (2/>=R), connecting the radius of the 
nine-points circle of a triangle with its circumcircle. 



Spheres cutting Four Spheres at given Angles, — §§ 217-219. 

217. Let the given spheres be denoted by (1, 2, 3, 4), and let their orthogonal sphere 
be denoted by the symbol (5). Let x denote any sphere cutting (1, 2, 3, 4) at the 
angles 6, <f>, xjj, x 5 a hd let x cut (5) at the angle w. 

4 f 2 



588 



MR. R. LACHLAN ON SYSTEMS OE CIRCLES AND SPHERES. 



From the equation 



we may deduce 



jj i ®> 1> A) 3, 4, o i___/\ 

x, 1, 2, 6 j % 5 



-1, 


cos 0, 


COS <j> 9 


COS t/r, 


cosx, 


COS ft) 


COS 0, 


-1, 


cos w lj2? 


cosw 1)3} 


cos cu 1)4 , 





COS 0, 


cos w 3j v 


-1, 


cos w 2)3 , 


COS ft) 3>4 , 





COS \JJ, 


COSft> 3tl , 


cos 6> 3i2 , 


-1, 


cos co 3i4 , 





cosx, 


COSCe> 4jl , 


COS OJ 4> 2 , 


COS 0) 4i 3 , 


-1, 





COS Ot), 


o, 


o, 


o, 


o, 


—1 



0; 



whence we have 



sin 2 o) 



-1, 

COS Oljj, x , 



COS Ot) 



3,1? 



COS 0> 4> x , 



COS co h 3 , 

-1, 

COS 0> 3 , 3 , 

COSO> 4? 2, 



COS ftl lj3 , COS 0) 1}4 

COSO>2, 3 , COSO)2 }4: 

— 1, COSO) 3)4 

COS 0> 4 , 3 , — 1 



0, 

COS 0, 
COS <£, 

cost//, 

cosx, 



COS 0, 

-1, 

COS ft) 3 , 1} 
COS ft) 8i !, 



COS <£, COS t/», 

COSftJ li3 , C0Sft) li3 , 

— 1, C0Sft) 3 , 3 , 

COSfti 3 , 3 , — 1, 



cosx 

COSftJ li4 
COS 6)2,4 

COS ft)o, a 



COS 0) 4f l3 COS C0 4> 2, COS G> 4? 3 , 



. . . . (238) 



Let p denote the radius of the sphere (x) 9 then by the equation 



t/j* 



we have 



A 1, 2, 3,4, fi'~ U ' 



1 


1 


1 


1 


1 


1 


3 
P 


Ti 


»•/ 


V 


< 


«•« 


COS 0, 


-1, 


COS ft) li3 , 


COS ft) 1>3 , 


COSftJ 1>4 , 





COS <£, 


COS ftJ 3>1 , 


-1, 


cosw 3i3 , 


COS ft) 3i4 , 





COS \Jj, 


cos <w s>1 , 


COSft) 3i3 , 


-1, 


COS ft) 3> 4, 





cos^j 


COS ft) 4> u 


COS ft) 4]3 , 


COS ft) 4i3 , 


-1, 





COS G>, 


o, 


o, 


o, 


o, 


-1 



0; 
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or 



1 cos co 



+ 



X a 



COS 0) 



%\9 



0, 

cos 6, 

cos <£, 
cost//, 



r. 



cos co 1)2? cos cw lj3 , 



COS 0) 3il , COS Ct) 3> 3 , 



1, 



COS <W 2 ,3; 

— 1. 



COSW 4a? COS 0)^ 2 , COSCW^g, 



COS 0) 



2,1' 



COSO) 3|1 , 



n 



cos oj ]j4 
cos oj 2j4 



COS 0) 



3,4 



1 



cos oj 1j3 , 


COS W j, 8 , 


cos c» li4 


-i, 


cosw 2i3 , 


cos w 3i4! 


COS W 3)3 , 


-I, 


cos <w 3> 4 



COS X> COS 0J 4 x , COS ft)^ 3 , COS 0J 4j 3 , 



1 



= 0. 



(239) 



We infer, then, tliat two spheres can be drawn to cut the given spheres at the 
angles (0, <f> 9 t//, ^), or else at angles supplementary to them. If the two spheres cut 
(1, 2, 3, 4) at the same angles, they cut the orthogonal sphere at supplementary 
angles, and vice versd; and evidently one is the inverse of the other with respect 
to the orthogonal sphere. 

Denoting their radii by p, p we have 



1 1 2 cos co _^ 

-»— — ~_ |_ -™ — \j ^ 

P P 



^ 



and 



— | — ,=F.cos 0+G.cos <£+H.cos^+K.cosx. (240) 



where F, G, H, K are independent of (0, <j>, \fj, x)* 

We see at once, then, that the two spheres will be real, coincident, or imaginary, 



COS^ CO . 



according as ^ is positive, zero, or negative. 

But by equation (218) we see that the sign of r 5 3 is opposite to that of 



m 



1^ Zi, t) } re. I 



i.e., opposite to the sign of 



JL * 

COS OJ 2 , u 

cos cu 3)l5 

COS 0)4, J, 



COS ft) 1>2 , 

cos oj 3}3 , 



cos o) ltS , coso) L4 



COSO)2 )3? 



JL • 



C0Sft) 4]3 , COSft> 4i3 , 



cos o> M 
cos w 3 , 4 

-1 
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Hence, by equation (238), the two spheres which cut (1, 2, 3, 4) at the angles 
(0, (j>, \}j, x) w iH b e rea l? coincident, or imaginary, according as the expression 



-1, 
cos #, 

cos <f> } 

COS \jj, 

cosx ? 



cos 6, 
-1, 

COS 0) % l9 
COS W 3> j, 

cos w 4) 1? 



COS (f), COS t/f, COS ■)( 



COS 0) L 2, COS 0) lj3 , 

— 1, cosco 2)3j 

COS(W 3i2 , — 1, 

cos w 4) 2 , cos w 4j 3 , 



cos W 



1,4 



COS 0}.^ 4 

cos cu 3t4 



is positive, zero, or negative ; i.e., according as 



ni 



«&y X.y £ y O y '7C 



ih<j Ij £Jy Op ~t , 

is positive, zero, or negative. 

218. It is evident that eight pairs of spheres can be drawn to cut the four given 
spheres at angles whose cosines are db/q, ±^2? i K 3> ±% If we denote the radii of 
these pairs by p l9 p\ ; p 2 , p\ ; &c, we have by equation (240) 

1 1 

- + -=±F.lf 1 dbGr.lf2±H.IC3±K.lC 4j . 
r P 

Hence we have the relation 



11 

"T / 5 
ft />l 


ft Pz 


1 + ~, 
ft ftV 


ft ftV 


1 

ft 




ft />6 


ft Pn 


ft fts 


1, 


-1, 


1, 


1, 




1, 


-1, 


1, 


1 


1, 


1, 


-1, 


1, 




1, 


1, 


-1, 


i 

1 

i 


1, 


1, 


1, 


-1, 




1, 


1, 


1, 


-1 


1, 


1, 


1, 


1, 




•1, 


-1, 


-1, 


— 1. 



0. 



(241) 



219. In the case of a tetrahedron formed by four planes, the orthogonal sphere 
becomes the plane at infinity ; and so the pair of spheres which cut the faces at angles 
(0(j)\jjx) coincide. Thus eight spheres can be drawn cutting the faces of a tetrahedron 
at angles equal or supplemental to (#, <£, \fj, x) ; and their radii are connected by the set 
of equations 



1 


1 


1. 


1 


1 


1 


1 


1 


ft' 


ft' 


ft' 


Pi 


ft 


ft' 


ft' 


ft 


1, 


-1, 


1, 


1, 


1, 


-1, 


1. 

s 


1 


1, 


1, 


-1, 


1, 


1, 


1, 


-1, 


1 


1, 

i 


1, 


1, 


-1, 


1, 


1, 


1, 


—1 


1 

1 ■*•> 


1, 


1. 


1, 


rX. A 


-1, 


-1, 


—1 



= 0. 



(242) 
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A particular case is that of the eight tangent spheres, i.e., one inscribed, four 
escribed to one face, three escribed to two faces, of a tetrahedron. 



The Spheres Circumscribing the Tetrahedron Formed by Four Spheres, — §§ 220, 221. 

220. Let the four given spheres be denoted by (1, 2, 3, 4), their orthogonal sphere 
by the symbol (5). It is evident that eight pairs of spheres can be drawn. Let 
P, Q, R, S be the four points in which they intersect, which lie within the tetrahedron 
formed by the centre of the spheres. Let x denote the sphere circumscribing PQRS. 

We have by equation (220), 

fx, Z, o, 4A __ TT l$i 3> 4, J- \ ___ jj I $> / *> ±) Z\ ^ fx, 1, Z, o\ _ 

\x, 2, 3, i)~ U 3, 4 I) [x, 4, 1, 2)~ \x, 1, 2, 3/ 
Hence, by a theorem of determinants, 



n 



X% lj Zj o\ 

X } 1, £, *±j 



f x } 1, 2 s 



nfT'Ilxn 



X< JL, Zi } O) ~t 
X } X, Zi ) Oj 4r 



"1 



But since 



we have 



'x, 2, 3, 4\ 1 s 12, 3, 4\ (x, 1, 2, 3, 4^ 

n, l ) 2 ) 3 ) 4)j = - n ( v 2 ) 3 ) 4JXn^ lj2)3; ^ 



Xy 1, ^, O, 4, C7 i 

#/j X, Z, O, jb, O 



'0, 1, 2, 3, 4\ M 1, 2, 3, 4 

^• n U 1,2, 3, 4)"%, 1,2, 3,4'-°' 



}-. 



-^ 



or 



ni 



'a, 1, 2, 3, 4 N 

«AV« «L } £J y K) y \fc. 



= 7r ^,5 K 



ni 



1, 2, 3, 4 s 

•J., «j, } rk. 



n( 'l, 2, 3, 4\_ n /l, 2, 3, 
at, 2, 3, 4/ \1, x, 3, 



— n 



'1, 2, 3, 4' 
1, 2, «, A 



4 

4,. 



3, 4\1 



'1,2, 

1, 2, 3, «, 



f. . 



Also since 



J X, 1, Zj O, 4fc, O . - 

\$/, Xj <6, O, 4r, D 



we have 



l Xy X, Ay Oy 4t 

77 " 5 ' 5 U, 1, 2, 3, 4 



1, 2, 3, 4 
'•b- 1 ^!, 2, 3, 4 



7r 2 ,,.n 



f • * » • 



But by equation (218), 



and by equation (217), 



n(J;2 , 3 , 4) = 288«- 5l6 .{V(l,2,8,4)}»; 



ni^g) = -288.{V(l,2, 3,S)f; 



(243) 



(244) 



592 



ME. R. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 



we deduce then from (243), that 



7r 6,5— 7r 6,*. 



^s,* 



V(P, 2 , 3, 4) + V(Q, 3, 4, 1)+V(B, 4 1, 2) + V(S, 1, 2, 3 ) ^ 

V(l, 2, 3, 4) 



i.e., denoting the radius of the sphere (P, Q, E, S) by p, and its angle of intersection 
with (5) by (o, 

V(l, 2, 3, 4) 



/> COS ft) 



,1,2, 3)' * ( 245 ) 



r 5 ~ V(l, 2, 3, 4) + V(P, 2, 3, 4) + V(Q, 3, 4, 1) + V(K, 4, 1, 2) + V(S, . 

If P be without the tetrahedron formed by the centres of the spheres (1, 2, 3, 4) 
the sign of V(P, 2, 3, 4) must be changed, and thus the powers of the spheres with 
respect to the sphere orthogonal to (1, 2, 3, 4) can be written down. 

Also we can easily deduce from (244), the equation 



tan 3 W, V[l ltl9 VP2,2> V^3,3> v/^4. 



V^1,P 


/^LP 


H*h2> 


/*1,3> 


/ x l,4 


Vh8J 


M'&l* 


H,& 


Pm* 


^2,4 


vh 3> 


A*8il» 


/*3,2> 


Ps,& 


/ x 3»4 


v ^^ 


^4, 1' 


/*4,2> 


fah& 


^4,4 



0, . . . (246) 



/I, 2, 3, 4\ 
where p hl> ^ lj2 , &c. are the minors of ir hl9 tt 1j2> &c. in the determinant II( ' 2 V 4/ 

Thus )x ltl = — 288{V(P, 2, 3, 4)} a , and thus the sign of v'Tha * s positive or negative 
according as P is within or without the tetrahedron formed by the centres of the 
spheres (1, 2, 3, 4). 

221, The system of spheres (I, 2, 3, 4, x) is orthogonal to the system (P, Q, E, S, 5), 
and we get some interesting theorems by aid of § 213. 

Thus, by equation (230), we have 



11111 

^P.l " ^QS ^lU ^8,4 ^.5 



* . 



. . (247) 



And if x denote the sphere passing through P', Q', E', S', the inverse points of 
P, Q, E, S with respect to (5), we have 

"i ~r i + —0. 



^P.l ^Q'.g ^WS ^S'^ ^,5 



But since x 9 x f are inverse with respect to (5), 



1 , J 



9 






77% 



Oj 
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hence 



JL . -LJ. X i. .L ± jl ci 

^P.l ^PU ^Q,g WQ',2 ' ^R.S S ^,3 ^S.4 ^S',4 ^S, 5 



0;. . . (248) 



or the sum of the reciprocals of the squares of the tangents from the points of 
intersection of four spheres to the spheres is equal to the reciprocal of the square of 
the radius of the sphere which cuts them orthogonally. 
Again, from equation (228), 



rrr rrr rrr rrr rrr 



TV 



P,l ^Q.S ^,3 ^S^ ^.4 



or if (x) cut (1, 2, 3, 4) at angles ^> 1? </>%, <£ 3 , ^ 4 , we have 



-+ - sec o> = 2Vl CQS ^U ---- 9 cos ^-L. 2r 8 cos fei?!i cos ^ 4 (249) 

P ^ " ^p.i ^.s ^ju ^s,* 



TAe Spheres which Touch Four given Spheres, — §§ 222, 223. 



222. Let the given spheres be denoted by (1, 2, 3, 4), their orthogonal sphere 
by (5). Then x denoting any sphere which touches them, we shall have by the 
equation 

'oc y 1, 2, 3, 4, 5 1 



Hi 



OS j lj Zly U } TTj 



0. 



sin 3 o), 



Vn hl , V^, V^* vV, 



4 







v^^sj 


^aa* 


v 7 ^,^ 


^a* 



77 



1,2> 






77 



1,3j 



K^fr 



^.S? 



77 



1,4 



77 



2,4 



77. 



3,4 



77 



4,2? 



77. 



4,3? 



77 



4,4 



0; . . (250) 



by taking the expression y/w ltli vV 2j2 , &c., with different signs, we obtain the 
eight values of sin 2 co corresponding to the eight pairs of tangent spheres, 
The radii are given at once by the formula 



. OS, 1, *j, 6, 4fc, . 

0, 1,2,3,4,5 



Thus, if p be the radius of the sphere touching (1, 2, 3, 4) externally, and co be 
the angle at \frhich it cuts the orthogonal sphere, we have 

MDCCCLXXXVI. 4 G 
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1 ( COS ft) 


1 


1 

5 

^2 


1 

»• ' 


1 


p~ + r ' 


1, 


-1, 


cos tu li2 , 


cos w li3 , 


COS 6) 1>4 


1, 


COSft)^], 


-1, 


COSft) 3)3 , 


COS 0) %i 


1, 


COS ft) 3] 1} 


cos oj Si3 , 


-1, 


COS _> 3)4 , 


1, 


COS 6)^ ls 


COSft) 4]a , 


COS 6)4,3, 


-1 



. 



(251) 



223. There is no analogous theorem, in general, to Feuerbach's theorem. In 
the case, however, when the given spheres (1, 2, 3, _) cut at angles such that 
cos <y L2 =cos a> 1)3 =cos o) h4 = a ; cos „> 2j4 = cos <y 43 =cos <y 32 =/3 ; it may be shown that 
the two spheres touching the given spheres, all externally, and the eight spheres 
touching three externally, or three internally, may be divided into two groups of five, 
each sphere of either group touching a certain other sphere. 

Thus, let the tangent spheres be denoted by (a, ?>, c, d, e), let z denote the sphere 
which touches them. Suppose % touches (a) internally, and (6, c, d, e) externally. 

From the equation 






_ ( ;, 1, 2, 3, 4, 5 

x, a, b, c, a, e 



we deduce 



A cos g)zz~\-~B cos .ftfcj+C cos o>^ 2 +D cos a>^ 3 +E cos a>^ 4 +F cos <y^ 5 =0 ; 



where 



A = 2 cos <^ ? 5 — cos m, 5 — c os ro Ct 5 — cos <O d% 5 — COS 0) ei 5? 

B = — COS ft) fl| 5 + 2 COS CO bi 5 — COS Q>c,b — - COS (O df 5 — COS 0)^ 5 , 
C = — COS 0) at 5 — COS Ofy 6 + 2 COS ft)«. f 5 — COS ft)^ 5 — COS (O e% 5 , 
D = — COS Wfl, 5 — COS ft) j f 6 — COS ft)«. f 5 + 2 COS ft),/, 5 — COS 0)^ 5 , 

E= — cos ft) ff|5 — cos 6)^5— cos ft) tf|5 — cos <y^ j5 +2 cos ft^ j5 , 
F=-6. 

By taking for as, 1, 2, 3, 4, 5 in succession, we can find cosft>* tl , cosft^ j2 , cosftj 0>3 , 
cos o) zAi cos 6)^5, and then substituting in the equation obtained by putting z for x, we 
find the required condition. 

By equation (250) we find at once, 



cos 2 O) 



3(* + 1) 3 



3(a-l)' 



#, 5* 



_____ . cos ^ 5 _______ . 



and 



a 3 o (_-l)»OS+l)»-_(_-l)03»-l) 
COS' 5 ft),. 3 = C08^ &V B =-COS^ 0) e , 5 = 



(/3+l) 3 (3* 2 +2/3-l) 



and 
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Taking cos a> Cj5 , cos &v j5 , cos o>^ 5 with the same sign, we have 

A=2 cos ft>« |5 — cos ft>i i6 — 3 cos g><. i5 , 
B=2 cos 6>3 )5 — cos 6>tf )5 — 3 cos g><. )5 , 
C=D=E=— cos ft>« l5 — cos o>i i5 . 

A cos fi> JS|1 =B— 3aC, 

A cos fc) 0?3 =A cos g>* j3 =A cos w* i4 =— aB+(l — 2/})C, 
A cos ^5=— 6, 

— A+B cos o> lja +3C cos fc) 3j0 +F cos 5| *=0. 



Hence 



Substituting, we must have 

-A 3 +B 3 -6aBC+3C 3 (l-2 i S)+36=0 ? 
or 

] 2 + (cos o) Bi b — COS ft) 5| a ) (cos w 5j a + COS 0)^ b — 6 COS ci) 6> ,) * 

+ 2a(cos g> m +cos ft> 5l j)(2 cos g> 6i *— cos w 5 ,«—3 cos g> 5|C ) 

— (2/3 — I) (COS fc) 5j £+COS G> M ) 2 =0. 

The coefficient of cos w 5?c =(a + l) cos 6) 5> 5+( a "~l) c osw 5? ^ and choosing the signs of 

cos co 6ta , cos o> 5j s, so as to make this vanish, we can easily show that this condition is 

satisfied. 

(a + l) v /3 
Thus if t 19 t 1 denote the spheres for which cos co= j^ - y^ — 9p~" T> an< ^ ^ T 2> T 'a 

denote the spheres for which cos ft) ^^ / 9 a oa ^T* anc ^ ^ ( T 3> ^s) ( r 4> T 4) ( T 5> ^s) 
denote the other spheres, we see that the groups 

( T l> T 2> T ^ T 4> T 5 ) ( T 'l> ?*' a , t/ 35 t \> T 'b) 

( T l> T 2> ?* ' 3 , *'& ^5) ( T 'l' t 's> t 3> T 4> T 5 ) 

have each a common tangent sphere, which touches r x or r^ in the opposite sense to 

T 2? T 3> ^C' 



4 G 2 
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Chapter IV. -"Power-Coordinates. 

Definition. — §§ 224-227. 

224. Since a sphere, plane, or point is completely determinate when its powers are 
known with respect to any five spheres not having a common orthogonal sphere, we 
may define the coordinates of a point (sphere or plane), referred to such a system of 
spheres, as any multiples, the same or different, of the powers of the point with 
respect to them. 

Thus if {xyzwv) be the coordinates of any point, whose Cartesian coordinates are 
(ocfiy), we shall have 



2__^,2 



x proportional to {a — a) 2 +(/3— &) 3 +(y— c) 

where (abc) is the centre of the sphere of reference, r the radius. Thus {xyzwv) 
are quadric functions of a particular form of the Cartesian coordinates of the centres 
of the spheres of reference. 

We shall find it convenient to restrict the use of {x, y, z, to, v) to denote the 
coordinates of a point ; the coordinates of a sphere will be denoted by (£ 77, £, co, zs) ; 
and the coordinates of a plane by (X, /z, v, p, or). 

225. Let us denote the system of reference by (1, 2, 3, 4, 5) ; then if {xyzwv) be 
the coordinates of any point P, we see that, 9 denoting as usual the plane at infinity, 
so that 770 }P =1, then, since 7r PjP =0, the coordinates of P must satisfy a homogeneous 
quadric relation 

/P, 1, 2, 3, 4, 5\ 

and a non-homogeneous linear relation 

/P, 1, 2, 3, 4, 5^_ 
ll \0 9 1,2,3,4,5 , - Ui 

Let us suppose the coordinates of P defined by the equations 
Then the quadric relation which {xyzwv) must satisfy is 
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x 

V 

y 



X 



y 



tv 



6s 



1c 

IV c. 



10 V 



h 9 
'"4 



I 



^5 



= 



77, -i, 7Ti o, TTi q, 7T 



1,15 "1,2? "1,33 "1,4> "1,5 



7Ti 



7To i , TToo* TTo Q» 77V 



77V 



x. > "2,15 "2,2? "2,3> "2,4? "2,5 
/6 3 



£ 



A. 



? ^a? ^3,29 ^s* ^s,^ ^.b 



w 

~j^> ^4,1? ^4, 2? ^4,33 ^to ^4,5 



?? 



ft, 



"3 ^M* ^.^ 7r 5,33 ^S,^ ^B 



(252) 



This is called the equation of the absolute : we will denote it by 



\jj(x, y, z 9 w, v)~(a ltl9 a h %, a L3 , a li4 , . . .)(a, y, 2, w, ^) 2 =0, . (253) 



tfhere 



w 



a ltl = 



: \gg 3, 4, 5/ 

/^ /l, 2, 3, 4, 5V ^-kfa TT /lT2, 3, 4, 5 



.___./ ^5 O, ~fc, 

1 ~ \2, 3, 4, 5 



Cfri o ' 



, &c. ; 



n 



1, 2, 3, 4, 5 



3 ni 



JL ? zj^ o, 4fc, 



and then the linear relation which (xyzivv) must satisfy, may be expressed thus 

ki^+h^+ko^ ^+/c 4 ^+L^==--2 (254) 

226. If (£, 77, £, a>, w) be the coordinates of any sphere, S, we see that, since tt s ^=1, 
the coordinates of S must satisfy a non- homogeneous linear relation 



U 1,2, 3,4,5 V 

S, 1, 2, 3,4, 5/ ' 



which may be written 









(255) 



227. Again, if L denote any plane whose coordinates are (X, /x, j/, p> cr), since 7r M =0, 
7T LL = —2, we see that the coordinates of L must satisfy a linear homogeneous equation 
and a non -homogeneous quadric relation, viz., 



TTI ^' ^3.4? 5 . 

U ) 2 1 U5" U ' 
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which may be written 



and 






which may be written 



L ; 1, 2, o, % 5 . __ 
'l, 1,2, 3,4, 6' ' 






or 



xjj(X, p, v, p, cr) = l (257) 



The Sphere.— % 228-231. 

228. Let P be any point on the sphere S whose coordinates are (£r)£,a)zs), then since 
7J-J, s =0, and 

/P, 1, 2, 3, 4, 5\ 
\S, 1, 2, 3, 4, 5/ ' 

we see that the equation of the sphere is 

and hence the general equation of the first degree, 

will, in general, represent a sphere, whose coordinates are given by 

d^Jr dy]r dyfr dyfr d^jr 

<yL=^ = ^ = ^ = — = z^__ / 258 \ 

a he d e a^ + hh^^ck^ + dk^ ^ ' 

by equation (255). 

229. Given any two spheres (^^conr) (^rft/a/zs'), their power ir is, since 



IT / ° 1 

l S, 1,2, 3,4, 5/~ U ' 



given by 



^+V^+£^+»'^+^|* (259) 



27r — af -TV a ^ -i-b ar -r™ a w t» a ro 
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In particular the radius of the sphere (^^got) will be given by 



2r 2 =ii/(£ 7), £, o), is) (260) 



230. Hence the radius of the sphere 



is given by 



,ax-\-by-\-cz-{-dw-]-ev=0, 



'<h>i> 


a l,2? 


a l,3? 


a ],4' 


a L5> 


a 


a % U 


a 2,2> 


a 2,3> 


a 2,4? 


%, 5? 


b 


^3,15 


a 3,2> 


a 3,3? 


a 3,4? 


^3,5? 


c 


a 4,l> 


a 4,2> 


a 4,3? 


a '4,4> 


%5? 


d 


a 5,l' 


a 5,2> 


^5,3? 


%45 ' 


a 5,5? 


e 


a, 


&, 


<3> 


d, 


0, 


u 



where 



u= 2r 2 (ak l + && 2 + c& 3 + dk^+ e& 5 ) 2 , 



0,. . . . . (261) 



We shall find it convenient to denote the bordered Hessian of \Jj by ^ ; and suppose 
the coefficients so determined that we may express equation (261) thus— 



w. 



M*(a, b P c, d 9 e) (262) 



231. The power of the sphere (ijrj^Gm) with respect to the sphere 



is clearly given by 



ax-{-by-\-cz-\-dw-{-ev=0, 



a% + brj -f c£4 do) + em 



IT 



a\ + bk% + £# 3 + d\ + e& 5 ? 



... 



• • 



and the power of the two spheres 



is clearly given by 



7T = 



ax -\-by -\-cz -\-dw -\-ev =0, 
a'x-{-b'y-\-cz-\-d'w-\-ev=0, 



a'-=- + &'-=- + c'-~- + d — + e V" 

da do dc da de ' 

, — — , — — — ■ < 

(ak-L + b\ + ck s + d\ + ek B ) (a% + b% + c% + d% + e'& 5 ) 



(263) 



And so the angle of intersection of the spheres will be given by 






cos (j) = 



ia 



db 



dd d 



e 



• * 



2 



. . . (264) 



x/Wa, b, c, ^ e)/^« 6', c', d', e') 
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The Plane.—®, 232-235. 
232. If (Xfivpa) be any plane L, (xyzwv) any point P on it, we have at once, since 

/l , 1, 2 3 o, 4, 5\ 

\L, 1, 2,3,4, 5/ ' 

3-vfr 3iZr 9t|t 3i2t 3i(r 

But by (256) 

hence the equation 

ax-{-by-{-cz-{-dw-{-ev=^Q, 
will represent a plane when 

a^+bkz+cks+dk^+ek^O (265) 

And if this condition be satisfied, w r e have to determine its coordinates, 

dyfr 3-v|r d'xfr 3^ dyfr 

d\ 3/A __ dp __ 3p _ 3(7 ___ 2 , . 

a b c cl e ^/^(a, b, c 9 ~d, ej' ' * * * " ^ ' 

where ^(a, &, c, e£, e) is defined by equation (262). 
233. The power of the sphere (^t^wot) and the plane 

ax-\~by-{-cz~\-dw-[-ev=0 
is given by 

therefore 



7T = - 



^/^(a, b, c, d f e) ' 



234. The angle of intersection of the planes 

ax -f % +C2 +<^ + e ^ =0, 

a'x+ 6'^+ <^+ d>w+ e'v= 0, 
will be given by 

/3*-, v 9 *^ fiV^jjtor , ,3^ 
a tv — h & ^ + c^r- + o^r— + eV- 

da d6 dc da de 



(267) 



cos0_ i ^_-^^^=^^ _^_ (268) 
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235. The coordinates of the plane at infinity are clearly Jc l9 k 2 , & 3 , h^ h 5 , and so the 
equation of the plane at infinity is 

3-vZr 3-vfr 3i/r , 9iir 9a/t 



2%e Point— §§ 236-238. 

236. The power of the point (xyzivv) with respect to the surface 

ax+ &y+ c£+ <iw-{- ey= 0, 
will be equal to 

ax + fo/ + ce + dw + ^ 
a&i + && 3 + c& 3 + dk± + 6& 5 * 

if the surface is a sphere, and will be equal to 

ax + foy + as 4- dw -f ev 
-v/^(^, &> c> d > e) ? 

if the surface is a plane. 

237. The power of the two points (xyzwv), (xy'zwv) will be given by 

dx J oy dz dw ' dv 

Hence, since 

%ji(x, y, z, w, v)=x}j(x, y', z\ w', i/)=0, 

the distance S between the two points will be given by 

2&=x]j{x--x', y—y\ z—z y w—w\ v—v] (269) 

238. Let P, Q, R, S be any four points, then by equation (216) we have for the 
volume of the tetrahedron formed by them, 



and by § 204, 



f\f/T> a p m )3 /0, P, Q, B, S\ 

^OO.i V I JL , v^J , JlV, K7 J i -*•*■ XXI .« ~^ ^-^ ._-. £N / * 

\#> *> M> E, «/ 



'0, P, Q, E, S\ /l, % 3. 4, 5\ J (6, P, Q ? E, S\ "» » 
1 0, P, Q, E, S/ X ll, 2, 3, 4, 5/ 11 1, 2, 3, 4, 5 



If then the coordinates of P, Q, R, S referred to (1, 2, 3, 4, 5) be (^i^i^i^i) 

^ x ^y^H w ^ v ^{ x ^yzH w z v ^{ x ^^^^^^ we see ^ a ^ we shall have 

MDCCCLXXXVI. 4 H 
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V(P, Q, R, S)=/t 



^1? Vl9 Z \-> W l> V l 

X 3> V& %J W 3> ^3 

^? y& %& ^4? ^4 

# 1? fcfy fc%, k^ fc 5 



where 28Bp%%%%%*.It(l' \ £ £ f) = l. 



• • ,( 2 ^ ) 



Coordinate Systems of Reference. — §§ 239, 240. 

239. The most convenient system of reference is five spheres which are mutually 
orthotomic : this may be called the orthogonal system. If r l9 r 2 , r 3 , r 4 , r 5 are the 
radii of five such spheres, it is simplest to take k l9 k 2 , k s , k^, k 8 , the coordinates of the 
plane at infinity, as inversely proportional to them. In this case we shall have, by 

§212, 

•2.\jj(x, y, z 9 w, t;)=^ 2 +2/ 3 +^ 2 +^+^ 2 ( 

2^(x 9 y, z, w, v)~x 2 +y*-\-z*-{-w 2 -\-v 2 ' 

Thus the angle between the spheres 

ax -\-hy -\-cz -\-dw -\-ev =0, 
a 'x-{-b 'y -\-c 'z-\-d 'w~\-e 'v=0 , 

<m! + IV -f ccf -f ddf 4- eef 

^V + & 2 + (? + d 2 + e 2 )(V 2 + Z/ 2 + c /3 + d' 3 + ^)' 



will be given by 



cos </> = — 



240. It is, however, very often convenient to take as the system of reference three 
spheres cutting orthogonally, and their two points of intersection. And then if 
r i> r 2> r 3 ^ e the radii of the spheres, e the distance between their points of intersec- 
tion, it is simplest to take k i9 k 2 , k s , & 4 , k 5 , the coordinates of the plane at infinity, as 
inversely proportional to r v r 3 , r 3 , €, e : so that we shall have by § 214, 



2*jj(x, y, z, w, v)^x 2 -{-y 2 -\-z <il —4cVW 
2W(x } y, z y w, v)~x l '\-y*-\-z*— vw 



> 



(272) 



so that the angle between the spheres 



will be given by 



cos <fi = 



ax -\-by + ez + dw -\-ev = 0, 
a'x+b'y+c'z-{-d'w>*{-ev=0 > 

aaf -f W + cc' — ^(^ + e'd) 



y/ (a 2 + 6 2 + <?*—<&) (a' 8 + &'* + c'*-dV;' 
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Chapter V. — General Equation of the Second Degree in Power- Coordinates. 

Nature of the Surface. — §§ 241, 242. 

241. The most general equation of the second degree in power-coordinates may be 
written 

<j>(x, y, z> w 9 v)=* 1%1 a?+* M y*+d^s#+a^v?+* M tf 

+ 2a lt2 ajy+2a 1>3 a!£+2a li4 ajw+2a lf6 aK; 

+ 2a 2, 3 y* + 2a % * y«>+ 2a 2, 5 yv 

+ 2a Bt ,zw+2a 3f ,zv+2a^vw=0; 

and since the coordinates of any point must satisfy the equation of the absolute, 
which is also of the second degree, we see that this equation contains only 14 
constants. 

Now (X, Y, Z) denoting Cartesian coordinates of a point, we can express the power- 
coordinates (xyzwv) of the point as linear functions of X 2 +Y 2 +Z 2 , X, Y, Z, 1 ; and 
if we substitute for (xyzwv), the equation becomes of the form 

(X a +Y 2 +Z 3 )®+U 1 (X a +Y a +Z a ) + U a =0, 

where V 1 is of the first degree, TJ 2 of the second degree in (X, Y, Z) ; this equation 
has 14 constants, and represents a surface having the circle at infinity as a nodal 
curve, and is usually called a cy elide. It thus appears that <£=0, is a form to which 
the equation of every cyclide can be reduced. 

242. It is also evident that, since the equation of every plane is satisfied by the 
coordinates of the plane at infinity, the surface <£=0 will represent a cubic surface 
and the plane at infinity, if the equation <f>=0 be satisfied by the coordinates of the 
plane at infinity. Such surfaces have been called cubic cyclides ; they intersect the 
plane at infinity in the imaginary circle, and also a straight line. 



Equation of Tangent at any Point, — •§§ 243-247. 

243. If (£ 7] ico m) be the coordinates of any sphere touching the cyclide <£ at the 
point .(x'y'z'w'v'), we must have 





_ •• 3*7 . 


dty 


d'yfr 

- 3ftj 


3^ 


da/ dx f 


d<t> +k d ^ 

dy ( dy' 


dz f dz f 
4 h 2 


dd> , 7 d\lr 

ow ow 


dv' dv' 



. . .- . . {2i7 o) 
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And thus the equation of any tangent sphere is of the form, 

(^ + *a^) x+ ^+*v) y+ ^ + ^) a+ (^ + *^) w+ ^ + *a/) , ' =0 - 

Hence the equation of the tangent plane at the point (x'yzwv) is 

Z- ^_LZ. ^ ! z, ^^ \_h ^ i I ^V ^Tl ^_L_ ^ _L ^_J_ ^ 

244. The sphere given by the equation 

will clearly touch the cyclide at the point (aj'yVWV') if 

M+i?± ^^ d A + k d ± fy+t&- ?$ + ]&£ 

9#' 9#' _ dy' dy' __ 9/ ' 9#' __ 9w/ 9m?' dv' dv' 

M + ^± ^+]Ml d ±+$± 9*. + * a ± M + ^' 

9^ a?" 9/ 3/' 9^ 9/' 9^" dw" dv" dv" 
in which case h must satisfy the quintic 

H(^+^) = 0, ......... (275) 

where H(u) denotes the Hessian of u* 

We infer, then, that there are in general five systems of bitangent spheres of a 
cyclide ; i.e., of the whole number of tangent spheres at any point of the surface five 
touch the surface elsewhere. Moreover it is evident that the system of bitangent spheres 
corresponding to a particular root of (275) all cut a certain fixed sphere orthogonally, 
the coordinates of this sphere being proportional to the minors of the constituents of 
any row in the determinant H(<£+/n//). 

245. If the coordinates of a bitangent sphere satisfy the absolute, i.e. 9 if the radius 
of the sphere be indefinitely small, the sphere may be considered as a focus. It is 
evident that the foci belonging to any system of bitangents will form a curve pf the 
second degree on the corresponding orthogonal sphere. Such a curve will be a spheri- 
quadric. 

246. If the coordinates of a bitangent sphere satisfy the condition, for a plane, 
the corresponding equation will represent a double tangent plane ; and its coordinates 
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must satisfy an equation of the second degree, and thus we shall have a double tangent 
cone corresponding to each system of bitangent spheres, the vertex of the cone being 
the centre of the sphere which cuts the particular system of bitangents orthogonally. 

247. Again, it is clear that if by any transformation the equation of the surface 
becomes <I>, and the equation of the absolute M*, then the same value of h which 
satisfies H(0+&i//) = Q must also satisfy H($+Z: > F) = 0; and hence the coefficients of 
the powers of h in the equation H(0+&0)=O are invariants. 

Equation of Normal at any Point. — §§ 248-250. 

248. Let (£rj£(Dzs) be the coordinates of any sphere which cuts the surface 
<f>(xy zivv) = Q orthogonally at the point {x'-yfz'w'v), we must have 

for all values of h 

It follows that if (A. ju, v p <r) be any plane containing the normal to the cy elide at the 
point {xyzwv\ we must have 



x 30 . 30 30 30 3$ 



'dy 



0, 



o, 



3-v/r dyfr 3-v/r difr 3-vJr 

* ox ' dy cz ' aw ov 

. Bylr 3-v/r 3tlr 3-Jr d\lr 



249. If we take a$ our system of reference an orthogonal system of spheres, radii 
(r l9 r 3 , r 3 , r 4 , r 5 ), tj^en, by forming equations to planes containing the normal at (as'yVwV) 
and passing through the centres of the spheres of reference, we easily obtain for the 
equations of the normal, 

x, y, z, w, v 

30 30 30 30 30 



dx" df dz" dw" dv' 



X, y, z, w, 



V 



V, 



Vz V s 9 - rl 



0. 



: : ( 277 ) 



250. Again, from (277), we ^ee that if a sphere cut the cyclide normally at the 
point (x'y'z'w'v'),we must have 

,30 ,30 ,30 /^0 , /3<£ A 



,3a|t , ,8ilr ,3i|r ,3i|r ,3i!r 

3^ 3^? 3£ 3o> 3w 



.0. 



If then (<^ £&>st) be chosen, so that 



606 MR. R. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 

d<p d<j> d<j) dcj) d<f> 



3f drj ___ 3f dco __ SOT- 



S'*^ d^r dty 3^r 3^r 



^ say, 



3|r S 7 ? 8? eta Sgt 

then the sphere (^t^wot) will cut the cyclide orthogonally at every point of its 
curve of intersection. 

We see at once that /x must satisfy the equation 

and thus there are five such spheres ; and the coordinates of the sphere which 
corresponds to a particular value of /x are proportional to the minors of the con- 
stituents of any row in the determinant H(</>+/^)- 

These spheres are evidently the same as those which were mentioned in § 244, as 
being orthogonal to the five systems of bitangent spheres. We can easily prove by a 
similar process to that in § 81, that any two of these spheres cut orthogonally. They 
may be called the principal spheres pf the surface, 

The Principal Spheres. — §§ 251, 252. 

251. By § 244, we see that at every point on the surface of a cyclide can be drawn a 
tangent sphere cutting one of the principal spheres orthogonally, and touching the surface 
elsewhere ; and hence it follows that the surface must be its own inverse with respect 
to each principal sphere. Hence these species of surfaces have been called by 
Motjtard anallagmatic surfaces, and the principal spheres have been called by Casey 
the spheres of inversion. 

We have seen that thp principal spheres cut the cycilide orthogonally, and it is 
evident that at points along the curve of section the corresponding bitangent sphere 
will not touch the cyclide elsewhere, but the curve of section will be a line of 
curvature on the cyclide. 

252. If a cyplide have a node, then, by the principle of inversion, this node must 
lie on each principal sphere ; and thus in this case there can be but three principal 
spheres, and the node will be one of their points of intersectioru 

If a cyclide have two nodes, they must be the two points of intersection of the three 
principal spheres, and any other two spheres forming with these an orthogonal system 
may be regarded as principal spheres ; this case corresponding to that of a quadric of 
revolution. Similarly if the cyclide have four nodes they occur in pairs, and lie on the 
only principal sphere ; but if we denote the nodes by P, P', Q 3 Q' ; and the principal 
sphere by S ; then any pair of spheres orthogonal to S and passing through P, P', 
which with any pair orthogonal to S and passing through Q, Q', make up an orthogonal 
system, may be considered as principal spheres. 

But if a cyclide have three nodes, then there are only three principal spheres. 

There are also cyclides with only two, and with only one principal sphere. 
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Reduction of the General Equation to its Simplest Form. — §§ 253-255. 

253. We have seen that the number of principal spheres is the same as the number 

of roots of the discriminating quintic H(<£-{-&t/f) = 0. Thus in general there are five 

principal spheres, and we have seen that these cut orthogonally, and it is clear that if 

we take these spheres as our system of reference, we can express the equation of the 

cyclide in the form # 

ax^ + % 2 + C£ 3 + did* + ev^ = ; 

and we might expect, perhaps, that this equation would still be the simplest form, 
when two or more roots of the equation H(<£+#t/f) = & r e equal. But five orthogonal 
spheres cannot be all real, one must be imaginary; and we shall find that if one of the 
principal spheres corresponding to the unequal roots is imaginary, then this form is the 
simplest form of the equation ; but if all the principal spheres corresponding to the 
unequal roots are real it is not the simplest form. 

254. Let us suppose that two of the roots of H=0 are equal ; then, taking for our 
system of reference the three principal spheres (x, y, z), say corresponding to the unequal 
roots, and any two other spheres (w, v) forming with them an orthogonal system, we 
can at once reduce the equation of the surface to the form 

ax?-\- by 2 -{-cz 2 -{- d/M> 2 + ^ 2 + 2nvw-= ; 

and the discriminating quintic is 

H-(a+^)(6+^)(c+^){(^+^)(6+^)~n 3 } = 0, 

which can only have equal roots provided d=ze, n=0 ; ix., supposing n is real. Thus, 
supposing one of the three spheres (x y y, z) to be imaginary, so that (w, v) must be real, 
the equation can be reduced to the form 

ax 2 -{-by QiJ rcz 2 -\-dw <i -\-dv 2 =Q P 

or since the equation of the absolute is 

the equation of the cyclide can be put in the form 

ax®-{-by*-\-cz^=Q ; 

and we see that each of the points common to (x, y, z) is a node ; thus the surface has 
two nodes ; and, moreover, any two spheres which with (x P y, z) make up an orthogonal 
system may be taken as principal spheres. 

Similarly, if the sphere (x) be imaginary, and the discriminating quintic H=0 hag 
two pairs of equal roots, the equation can be reduced to the form 

ax*+b(y*+^)+d(w 2 +v*) = ; 

# [The equation of a cyclide was first given in this form by Casey (1871) ('Phil. Trans.,* vol. 161, 
p. 600) .—October, 1886.] 
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and we see that each of the points x=y=z=0 y and x=y=w=0 9 are nodes; this 
surface is therefore quadrinodal. 

Let us now suppose that each of the spheres (x, y, z) is real, so that the coefficient n 
must be imaginary. It is simplest to take for system of reference the three principal 
spheres {x, y, z) and their two points of intersection (w, v), so that the equation of the 
absolute is 

°° 2 + y 1 + $ = 4twv. 

The equation H(<£+&i/f) = becomes now 

(a+k)(b+k)(c+k){de--(2k--ny} = 0, 

which has equal roots if either d or e=0, so that the equation may be reduced to the 

form 

ax 2 + by 2 -\- cz 2 + dw 2 + 2nwv = ; 

or by means of the absolute to the form 

ax 2 -\-by 2 -\-cz 2 -±-dw 2 =0. 

The surface represented by this equation has only three principal spheres and it has 
one node, viz., iv=Q. 

Similarly, if the discriminating quintic have two pairs of equal roots, and the sphere 

x correspond to the unequal root, we can show that x being real, the equation can be 

reduced to the form 

ax 2 -{-by 2 -\-bz 2 -\-dw 2 =0 ; 

which represents a surface having three nodes, viz., the point (w) and the points 
common to the spheres (x, u, u') ; u, u being such that they form with (x, y, z) an 
orthogonal system. 

255. Let us now suppose that three of the roots of the quintic H(<£+&i/f) = are 
equal. Taking for spheres of reference (x, y) corresponding to the remaining roots, and 
(z, w, v) any other spheres forming with (x 9 y) an orthogonal system, then the equation 
of the surface must take the form 

ax 2 -\- by 2 -\-cz 2 -{-dw 2 -\-ev 2 +2fwv-\-2gzv-\- 2hzw=0, 

and the equation of the absolute the form 



so that the discriminating quintic becomes 



(k+a)(k+b) 



k+c, h, g 

h 9 k+d, f 

9, A *+* 



0. 
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This can only have equal roots if the coefficients k, g, f are real, and then we 

must have 

hz=f=:g=z0 } c = d=e. 

In this case one of the two spheres (x, y) must be imaginary, and so the equation 
reduces to 

which clearly represents two spheres. 

Similarly, if the quintic H=0 has four equal roots, and x be imaginary, the equation 

will reduce to 

ax%-\- &2/ s -f fe 3 + bw "-\- bv^= 0, 

which represents the imaginary sphere $=0. 

Let us now suppose the spheres (x } y) to be real, then let us take z any sphere 
cutting them orthogonally, and let (iv, v) be the two points of intersection of (x, y, z) : 
so that the equation of the absolute is 



2i«2 — 



x ~\~y -\~ z —&wv 9 



and the discriminating quintic H becomes 



(a-\-k)(b-\-k) 



&+c, h, g 

g, f—2h 9 e 



= 0; 



which can only have equal roots provided that 



e=g=0, f= — 2c; 



and then the equation takes the form 



ax 3 + by 2 + cz 2 + d%v % + 2hzw — icwv = 0, 



By taking, instead of 2=0, the sphere z— iv=0 } this equation may clearly be 

reduced to the form 

ax 2 + by 2 -\- 2hzw= 0. 



The surface represented by this equation has the point w=0 for a binode: if a or & 
is zero, the node is a unode. 

Again, if the equation H(<£+£i//)=0 has four equal roots and the sphere corresponding 
to the remaining root is real : let us take this sphere as x=0, and let us take for our 
system of reference any two spheres (y, z) and the two points (w, v) in which the 
spheres (x, y> z) intersect, so that the system is semi-orthogonal : then the equation of 
the surface must be of the form 

ax 2 -\-by^-\-cz l -\-dw 2 +ev 2 -{-2fziv-{- 2givy-\- 2hyz+2lyv+2mzv-{-2nivv=0 ; 
mdccclxxxvi. 4 I 



610 



MR. R. LACHLAN ON SYSTEMS OF CIRCLES AND SPHERES. 



and since the absolute is of the form 



$2_|_^2_|_ z 2 = iwV, 



the discriminating quintic becomes 



(k+a) 



k+b, 


h, 


g> 


I 


h, 


k+c, 


f, 


m 


9, 


f, 


d, 


n—2k 


I, 


m, 


■h — 2i, 


e 



0. 



This can only have four equal roots if 

6=/=m=0 3 2&=2c= — 7i. 
Thus the equation can be reduced to the form 

a# 2 +% 2 +^ 2 +<^ ;2 + 2fwz-\-2gwy-\-2hi/z—&btvv= 0. 

This may also be written 

ax*^div*-^ < 2fivz-\~2gwy-\-2hyz=0 ; 

and by suitably choosing for spheres of reference (y-\-\w, z-\-/jliv) instead of (y y z) this 
equation can evidently be reduced to the form 

ase 2 + 2%£+ ^ 2 == 0. 

The point w=0 is a node on the surface : it is in general a cwc-node ; but if a=0 
it is a binode, and if h=0 it is a unode. 

Thus there are four distinct forms of cyclides : their equations can be reduced to 
one of the four forms 

(A.) ax 2 +% 2 +c2 2 +^ 2 +^ 2 =0; 

the absolute being 

^ 2 +^ 2 +£ 2 +w 2 +t> 2 = 0. 

There are five principal spheres: if d=e there are two nodes, and if 6=c, d=e, 
there are four nodes. 

(B.) ax 2 + by*-\-cz*-\-dw*= 0, 

the absolute being 

^ 3 + 2/ 2 +2 2 = 4:WV. 

This is the general inverse of a quadric surface : there are three principal spheres 
and one cmonode. If b=c there are three cmc-nodes, this is the inverse of a 
quadric of revolution. 
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( C ) ax 2 + by 2 + 2hwz = , 

the absolute being 

x 2 + y 2 -\-z 2 = iivv. 

This surface has two principal spheres and a binode (w=0). If a=b there will be 
two other nodes. 

(D. ) ax 2 + 2hyz + div 2 = , 

the absolute being 

x 2 -\-y 2 -\-z 2 =bivv. 

This surface has only one principal sphere and a cme-node. Also, since the general 
equation represents a cubic cyclide, when it is satisfied by the coordinates of the plane 
at infinity, it follows that the equation of a cubic cyclide can always be reduced to one 
of the four forms given above. 



Chapter VI. — Classification of Cyclides. 

Cyclides have been classified by Darboux and Casey according to the nature of 
the focal quadrics. We shall find it more convenient here to discuss the different 
forms of cyclides in order, according to the number of different roots which the 
discriminating quintic has. We have seen that there are four distinct forms to which 
the equation of a cyclide may be reduced ; and it is proposed to discuss briefly the 
different species represented by similar equations, and a few of their properties. 



A. The General Cyclide. — §§ 256-264. 

256. The equation of the surface is of the form 

ax 2 -}- by 2 -\-cz 2 -\- div 2 -{-ev 2 = 0, 
the equation of the absolute being 

x 2 +y 2 -\-z 2 -\-w 2 -\-v 2 =Q ; 

11111. 
and the coordinates of the plane at infinity -, -, — , — , — , i.e., the reciprocals of the 

1 2 3 4 5 

radii of the five principal spheres. 

257. The coordinates (f^ara) of any tangent sphere at the point (x'y'z'w'v) must 
satisfy 

i v „__JL— . ® m 

(a + ky — (6 + %' ~~ (c 4- ky ~~ (d + k)w' ~~ (e + k)v" 

4 I 2 
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Hence the equation to the tangent plane at the point (xy'zw'v) is 



//«/,/, / , / \(ax f , by' , cz f , dw , es/ 

(^ x-f-y y+z z-\-w w+v v)[ ~+~7"+:r+~T~+ 



r i r* r z n ' n 



(ax'x^by'y+cz'z^dw'w+ev'v)^^^^^^-^ — h~)> . . . (278) 



^ r 2 r 3 r 4 ■ r 5/ 



and the equations to the normal at the point (x'y'z'w'v') are 





y, 


2, 


W, 


V 1 


/y»* 


y', 


/ 

2, 


w\ 


</ 


G'i/C/ j 


W, 


Cz', 


dw\ 


ev' 


l 


i 


1 


1 


1 


'l 


'2 


V 




n 



0. 



(279) 



258. The five systems of bitangent spheres are given by: 



6— a c~# ' a— a e — a 

i* C fly 7T 



a— 5 c— & d— & e— 6 



£ 



0, ^+^- + 7- + 



9 

or . w 



a — c b~c d—c e—c 



CO 







£ 3 , i? 



^ 



Vr-.+r-.+ 



ns 



2 



' a— d b—d c—>d e — d 

2 



o } 







:3 



«7 



= 0. 



"T I £ 2 • &> 



+ 3 ~;+r-r+T-:=o 



a— e &— e c — e d—e 



(280) 



and the five systems of focal spheri-quadrics by 



y 



A/ 



W A 



*=o, r^+r— +i— + 



^ 



&— # 0— •# e£— a 0— a 







> , 



y % +#+ w 2 -\-v 9, = 



(281) 



and similar equations. These curves have evidently, for their principal circles on the 
sphere, the circles in which the sphere cuts the other principal spheres of the surface. 
259. From the form of the equations of the focal curves, it is clear that any surface 
represented by the equation 



x* % y % z \ w * v 



2 



a 3 ~f k /3 3 -f# 7 2 + /e b % -\-tc e^ + tc 



0, (282) 
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has the same principal spheres and the same focal carves as the surface 



x* , y 9 , z 9, , w 9, , v 2 

O*^ 0*y rf^ b*^ & ' 



and subtracting, we have 



x 9, y 9 z 9 w 9 v 2 __ 

I m/ r>2 i .A I '.2/-. 2 i .A I S.2/k2 i ..\ «* 2/_2 i .A"~~^ 



a 3 (a 3 -ftf) /3 3 (/3 3 + tf) 7 3 (7 3 + /c) £> 2 (b 3 + /e) e 2 (e 2 -f/e) 

and therefore the spheres whose coordinates are respectively proportional to 

x y z w v 
a 9 > J* ^' ~b 2 > 7 9 5 

and 

my z w v 



cut orthogonally ; but these spheres evidently touch the surfaces at a common point ; 
hence, confocal cy elides cut orthogonally. And since the above equation (282) is a 
cubic in k, it follows that through any point can be drawn three cyclides confocal with 
a given cy elide, and these surfaces cut orthogonally. 

Or, again, let us determine k so that (282) represents a cubic cy elide ; then we see 
that, three cubic cyclides can, in general, be drawn having the same focal curves as a 
given quartic cyclide, and these cubic cyclides cut orthogonally. Or, if the given 
cy elide is a cubic cyclide, three quartic cyclides can be drawn with, the same focal 
curves through any point ; and two other cubic cyclides can also be drawn with the 
same focal curves. 

260. Let (£t?£o>ot) be any sphere S ; this will cut orthogonally one of the bitangent 
spheres at the point {x'yzw'v') of the surface 

a$ 3 + by 2 + cz 2 + dw % + ev* = , 
if 

(a— e)x'£+(6— e)y'r) + (c— e)z'£-{-(d—e)w'G>=0. 

Hence, given any sphere S, a series of bitangent spheres belonging to any system can 
be drawn, cutting S orthogonally, their points of contact lying on the curve in which 
the cyclide is cut by the sphere 

(a— e)#c+(&— e)rjy+(c— e)£ > z-\-(d—e)ct>w=Q, 

which may be called the polar sphere of S with respect to the cyclide. 

There are five such polar spheres for any sphere S, each cutting one of the principal 
spheres orthogonally, and each one clearly intersects S in points lying on the sphere 

a£x+l)r)y+c&-{"d(ow-\-e7!FV=0 ; 

Le. % the five polar spheres of any sphere have with S a common radical plane. 
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261. If d=e, then the equation of the cy elide may be written 

a$ 2 + % 2 + cz 2 = 0. 

It has clearly two cmc-nodes : the points common to (x 9 y, z) ; and w^e have seen in 
§ 254 that one of these spheres is imaginary. Also, the surface has three distinct 
principal spheres ; but any pair of orthogonal spheres cutting (x 9 y, z) orthogonally 
may clearly be considered as principal spheres. The case corresponds to that of a 
quadric of revolution. 

The coordinates of a bitangent sphere at the point (x'yz'ivv) must satisfy the 
equations 

__j? v ___ K __ <» _ ct 

{a + h)x f ~ (b + k)y' "~~ (c + h)z f ~~" lev/ ~ Jcv r 

There are only three systems of bitangent spheres, viz. : — 



£= 



,2 i ~2 






"\ 



a — b a—c 



a 



= 



V 



o, ; A + JL + 2!+=! =0 



£=o, 



5— a &— c 



%> . rf . coZ + m* 



""I " "'J' l 

c—a c — b 



= 



(283) 



-^ 



The focal curves on the principal spheres will be circles ; they are given by 



x=0, - — 7 y 2 -] z*=0 



a—b 



a—c 



y=o, 



2_L_ z^=0 



b—a 



ar+ 



b—c 



z—0i ^ 2 +~— *' 2 



c — a 



c — b 



y z =0 



(284) 



262. Again, if b=c, d=e, we have seen that the cyclide has four cmc-nodes, and 
one principal sphere x, which is imaginary. There is one system of bitangent spheres, 
given by 



t=o, t±£+*±!i£ = o. 



a—b a—cl 



(285) 



263. Let us suppose now the radius of one of the principal spheres to be infinite, 
say r 5 ; the corresponding focal curve is a plane bicircular quartic, its equation being 



a— e b—e c—e d—e 



(286) 
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And this plane v=0 must clearly pass through the centres of the other spheres. 
Suppose now this curve to represent a circular cubic, then 

1__1 1 1 ,_1_1,.1_1 

iy a—e ly o—e vy c—e r/ d-~e x } 

The curve then passes through the centres of the principal spheres ; and since these 
points will then satisfy the condition of being foci, the imaginary circle at infinity 
must be a cuspidal edge on the cyclide. A cyclide of this nature is called a Cartesian. 

264. If the coefficients of the equation 

ax 2 + % 2 + c£ 2 + did* + e v % = , 

are connected by the relation 

a b c cl ,0 _ A 

i"i o"T" 9"r 9*1 9 — ^> 

the surface represents a cubic cyclide. 

Regarding this as the general cubic cyclide, we see that it passes through the 
centres of its five principal spheres, 

The equation of the tangent plane at the centre of the sphere x=0, being 

(a-6) (a-,) Z+ (E^ W+ (^ V=0; (288) 

which is clearly parallel to the plane 

ax by * cz dw ev 

r l T Z T 3 n r 5 

Thus the tangent planes to the cyclide at the centres of its five principal spheres 
are all parallel, and they may be regarded as the five tangent planes to the cubic from 
the line at infinity on the surface. 

(B.) General Nodal Cyclide. — §§ 265-271. 

265. We have seen in § 253, that the equation of a cyclide having one node can be 

expressed in the form 

a# 2 + by*-\-cz 2 -\-dw*= 0. 

The system of reference being three orthogonal spheres (x, y, z) and their two points 
of intersection (w, v): so that the equation of the absolute is 
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1 "1 1 "1 "I 

the coordinates of the plane at infinity being -, — , --, -, -, where r l9 r 2 > r 3 are the radii 



T l r 2 r 3 € 6 



of (x, y, z) 9 and e the distance between (w, v). The point w=0 is a cmc-node. 

266. The coordinates (£ rj, £, co, rs-) of any tangent sphere at the point (x'y'z'w'v') 
must satisfy 

£ v K 



-267 



— 9, 



OL,../* 



(a + AX (& + %' (c + *y dw' — 2kv' -2Jav 



So that the equation of the tangent plane at any point (x'y'z'w'v') is 



_ — |— i — |— — -[_ — Mx x-\-y y+z z--2iv v--2v w) 



r l r 2 T S € 



x \ y \ z o 
—*— — |— — — ^ 

? 1 ^2 r s 



w' + ?/' 



|(aa5 / £c+-6y / y+c^+d!^ / ^) ; 



• * * 



(289) 



and the equations of the normal at (x'y'z'w'v 1 ) are 



JU* 


2/> 


2, 


—2v, 


— 2w 




2/', 


< 


— 2v', 


— 2m; 7 


CvJU j 


%', 


/ 


dw', 





1 


1 


1 


2 


2 


r' 


' 


n' 


***** ? 
6 


e 



=0. 



• • 



. . (290) 



267. The three systems of bitangent spheres are given by : 



£=0; 



,3 



T 1 ?" 1 ^°>m d 9 



:2 



7 ?=°; r~i+r~7+ 



f 3 4fc)GT d o 



a — b c — b b b % 



> ; ..... (291) 



V 



C=0; ^-+^-+ 



3 . 4ft)or ^ 



a— c b—c ■ c & 



w*=0 



~s 



the focal curves are given by : 



££=0 : ?/ 2 +~ — z 2 ——w 2 =0 

b—a u c — a a 



-* 



>;...... (292) 



y z +z z — 4wy=0 



and similar equations. Thus the focal curves are nodal spberi-quadrics on the three 
principal spheres. 
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268. From the form of the equations of the focal curves we infer that all surfaces 
represented by the equation 

are confocal with the surface 

x 2 , y 2 , z 2 , w 2 
aa-r^B-r^-Tga— u ' 

and we infer that given any cyclide having one cmc-node, through any point three- 
other cj^clides can be drawn having the same node and the same focal curves : and 
these cy elides cut orthogonally. 
We also see, by choosing h so that 

1 1 l_Jl. 1 111 



that three cubic cy elides can be drawn having the same node and focal curves as a 
given nodal quartic cyclide. 

269. If we have b==c, we have seen that the equation 

ace 2 + % 3 + hz 2 + dw 2 = 

represents a trinodal cyclide, ^=0 being one node : its equation may also be written 

(a+6)o5 3 +^ 2 +46iew=-0,' 
or 

where tt is a sphere passing through the other nodes, but in this case the equation of 
the .absolute will not be so simple. Taking the first form of the equation we see that 
the system of bitangent spheres is given by 

f_0; -^ ZA -+ -y=0; ....... (293) 

and the corresponding focal curve by 

_____ Abv d , 

which is a circle on the principal sphere #— 0. 

270. If one of the principal spheres, say z, become a plane, the corresponding focal 
curve is a plane nodal bicircular quartic, and if it pass through the centres of the other 
two principal spheres, we have 



MDCCCLXXXVI, 4 K 
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and if this be satisfied the surface has the circle at infinity for a cuspidal edge ; and so 
may be called a nodal-Cartesian. 

271. If the coefficients in the equation 

ax 2 + % 2 + cz< * + dw* = 0, 
are connected by the relation 

1 2t D 

J i 

the surface represents a nodal circular cubic. It clearly passes through the centres of 
the three principal spheres, and the tangent planes at these points are parallel to the 

plane 

ax .hy.cz, dw 

-+~+-H — = 0; 

r x r 2 r 3 4 

and so the tangent planes at the centres of the principal spheres are the tangent planes 
drawn from the line at infinity on the surface. 



(C.) Cyclides having a Binode.—^ 272-276, 

272. The general equation of a cy elide having two principal spheres and a binode 
can, by § 254, be expressed in the form 

ax 2 -{-by 2 -{-2hzw=Q ; 

the system of reference being the two principal spheres (x> y) and the sphere (z) 
passing through the node (w), and cutting (x, y) orthogonally in the points (w i v), the 
equation of the absolute being 

x< * + y 2 + £ 2 = AwV) 

.11111 
and the coordinates of the plane at infinity -,—,—, 



r l T 2 T S € € 



273. The coordinates (grj^cozs) of any tangent sphere at the point (x'yz'w'v'), must 
satisfy 

£ r\ £* — 2m —-2ct) 

(a -f h)x f — (6 + k)y' *" hw f + /^' — As 7 — 2W ~~ — 2fe/ * 

The equation of the tangent plane at the point {x r yzw f v) will be 

fax' by* hw' hz f \ , , , , , / o > \ 

\ 'l '2 '3 6 / 

==(*+^+-^2^ : ^-Vaaj'aj+?»y / y+Aw'2+^'w). .... (296) 
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The equations of the normals will be 



Xy 


y> 


Jb « 


y, 


(XX j 


fy> 


1 


i 


r' 


r' 



z< 



z 



hw 



n 



2v, 


— 2iv 


2v\ 


— 2v/ 


hz, 





2 


2 


6 


6 



0. 



(297) 



274. The two systems of bitangent spheres are given by 



£=0; ^+ 4<aBT 



and focal curves are given by 



and 



y=0; 



b— a 



(aS+7w>)* ^ 



a 



a*- 



ff 3 ' 4a)w 



a— & & 



(ftg+fap) 8 
5 3 



= 



j S < 



_^ 



A 2 



#=0 : : — v zw — ~^z=0 



-\ 



b—cc 



y z -\-z 2 =4:ivv 



a 2h W 

— -x z — -zw — 7 w z = 



> 



y z -\-z z =&ivv 



. . . (298) 



(299) 



275. Let us suppose the sphere y to be of infinite radius, then the corresponding 
focal curve will pass through the centre of the principal sphere x, when 



a 1 2A 1 A 3 1 



a — hr^ b er 3 & 3 e 3 



0; 



(300) 



and then the surface will represent a Cartesian having a binode. 

276. The surface 

ax z -\-by z -\- 2hzw= 

will represent a cubic cyclide, having a binode when 

a t b 2h 

In this case the surface passes through the centres of the two principal spheres (x, y), 
and the tangents at these points are parallel to the plane 

ax , by , , z , 7 w 

— + — +A-+A-==0, 



?*q 



and so are the tangent planes drawn through the line at infinity on the surface. 

4 K 2 
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D. Nodal Cy elides, tvith One Principal Sphere. — §§ 277-280. 



277. If the cyclide have only one principal sphere, we have seen, in § 255/ that its 
equation may be reduced to the form 

ax % + 2hyz + dw 2 = 0, 

where x is the principal sphere, w the node, and( y, z) two other spheres cutting x and 
each other orthogonally, and cutting x in the points (w, v). 
The equation of the absolute being 

x ^ + 2/ 3 + z% = &wv 9 

and the coordinates of the plane at infinity — , — , -%-,-; we have seen that the node 

r i r % q \ € € 

is in general a cmc-node ; but it is a binode if a=0, and a unode if A=0. 

278. The coordinates (grjCcozs) of any tangent sphere at the point (xyzivv) must 

satisfy 

f v K 



— 2ny 
(a + &)a/ ~~ As' -f %' "" A/ H- As' ~~ a^/ — 2fa/ ' 



-2kw' 



The equation of the tangent plane at (x'y'z'w'v) will be 

ax' , hz' . hy' , dw'\, . . , , , rt , rt , x 
— | J— — =^— — | — - )(a/a;+y y+£3~2w v~2t/w) 



^2 *S 



® , # 



-— - / -J- 1- -J-" " — 2 
,r x r 3 r s 



e 



(axx-\-hy'z-\-hz'y-\-dww'). . . . . (301) 



The equations of the normal at (xyzivv) are 



ax , 



r. 



hz', 
1 



r. 



3 



2, 



2fl, 

2 



2w 



2w' 





2 
e 



= 



C • 



• • * 



(302) 



279. The system of bitangent spheres is given by 



3 -A 2 



. # * • 



(303) 



and the corresponding focal curve is given by, 



4hhvv , ah , d 

a z —h z a z ~-lv a 

y 2 -\-z 2 =4:VW 



**\ 



(304) 
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280. If 

a 2h d 
_J „j — — Q 

the surface represented by the equation 

ax 2 + 2%£ + dw % = , 

will be a cubic surface, which passes through the centre of the principal sphere, the 
tangent at which point is parallel to the plane 

ax hz hy dw 
r Y r 3 r s e 

and therefore passes through the line on the surface at infinity, 



Chapter VII. — Miscellaneous Theorems. 

Equation of a Cy elide referred to Four Spheres Orthogonal to a Principal Sphere. — 

§§281 ~2 8 j * 

281. Let the system of spheres (xyzwv) be such that v=Q is a principal sphere of a 
cyclide ; then its equation must take the form 

^ s + <f>(xyziv) = 0, 

and if v be orthogonal to the system (xyzw), then the equation of the absolute must 

also be of the form 

v 2 +f(xyzw)=:Q. 

Hence, by subtraction, we see that the equation of a cyclide can always be written 
in the form 

ax 2 + by % + C2 3 + dw*+ 2fyz + 2gzx -f- 2hxy -f 2 lxw+ 2myw+ 2nzw = ; . (3 05 ) 

the system of reference being four spheres, points or planes orthogonal to a 
principal sphere. 

Now, the equation of any sphere orthogonal to this same principal sphere is of the 
form 

ux-\-/3y~\-y%-{-Bwz=0 } ........ (306) 

where, by § 211, equation (222), a, /3, y, 8 must be proportional to the tetrahedral 
coordinates of the centre of the sphere, referred to the tetrahedron formed by the 
centres of (xyziv), provided that (xyziv) the coordinates of any point are the powers of 
the point with respect to the system. 
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Suppose now that the sphere given by (306) is a bitangent sphere of (305), then 
clearly we must have 

a, h, g, I, ol =0. ..... (307) 

h, b, f, m, 

9, f, c, n, 

I, m, n, d, 

a, /3, y, S, 



7 
S 



Hence the locus of the centres of all bitangent spheres of the system orthogonal to 
v=0 is the quadric surface given by (307). This surface is called by Casey the 
"focal quadric." We see that the focal curve on the principal sphere v=0 is the 
curve of intersection of the sphere with the focal quadric. 

282. The surface (305) is a cubic cy elide, if it is satisfied by the coordinates 
(1, 1, 1, 1) of the plane at infinity; it follows that when this is the case the quadric 
(307) is touched by the plane at infinity, and, therefore, the focal quadrics of cubic 
cyclides are paraboloids. 

283. If we take for our spheres of reference the other four principal spheres, the 
equation of the cyclide takes the form 

ax*-\-by 2 -\-cz 2 -\-dw 2 =0, 
and then the focal quadric is given by 

ah c w 

so that the tetrahedron formed by the centres of any four principal spheres of a 
cyclide is self-conjugate with respect to the focal quadric corresponding to the fifth. 

284. In the case of a Cartesian, the focal quadrics must be spheres: hence, if 
A, B, 0, D be the centres of four bitangent spheres which we will take for our spheres 
of reference, then since the focal quadric must be of the form 

a s ^+6V+c 2 ai8+a /3 a8+6 ,3 ^8+c , V8=0, 

where a, b, c, a, &', c are the sides of the tetrahedron ABCD, the equation of the 
cyclide will be 

0, c% W, a' 3 , "x \=0; (308) 

c 3 , 0, a 3 , 6' 3 , y 
6 3 , a 3 , 0, c 2 , z 
a\ V\ c' 3 , 0, w 

t/O, U , • Zj CUy U 
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■where (xyzw) are the squares of the tangents from any point P on the surface, to the 
four bitangent spheres. 

285. By § 260 we can draw a series of bitangent spheres belonging to each system 
orthogonally to any sphere, and the points of contact of each series lie on a sphere 
which cuts the principal sphere belonging to that series of bitangent spheres orthogo- 
nally, and may be called the polar sphere of the given sphere with respect to the 
cyclide. Now let (x, y, z) be any three bitangent spheres cutting a fixed sphere S 
orthogonally, and let w be the corresponding polar sphere of S, the equation of the 
cyclide must take the form 

dV+^ 2 ^ 2 +& 2 2/ 2 +^V— 2bcyz— 2cazx—2abxy=0, 
and the corresponding focal quadric will be 

d? be ca ab 

Thus the polar of the centre of W- with respect to the quadric is the plane passing 
through the centres of x, y, z. 

As a particular Case we may suppose S replaced by the centre of the principal 
sphere, so that (x, y, z) become double tangent planes ; the plane S=0 is now at an 
infinite distance, and so we see that the centre of the polar of the centre of the prin- 
cipal sphere with respect to the cyclide is also the centre of the corresponding focal 
quadric. And also the asymptotic cone of the quadric cuts orthogonally the double 
tangent cone from the centre of the corresponding principal sphere* 

Normals to a Cyclide from any Point.— $ 286, 287* 

286. The problem of drawing normals to a cyclide has been extensively discussed 
by Dakboux (' Sur une Classe remarquable de Courbes et de Surfaces Alg^briques.' 
Note XT.). To find the number of normals which can be drawn from any point he 
proceeds thus : — 

Let (fyCcom) he atty tangent sphere to the cyclide 

ax^-\-by^-\-cz^-\-dw^-{-ev^=0 9 
then since 

f) £ 6) tff 



(&-f k)x {b-\-h)y (c + k)z (d + k)w (e + h)v 
we have the equations 



i 



and 



a+k^b + kc + kd + k^e + 'k 9 



3 „$ n ai2 «2 



g i V i P w 



+ 7^+7^+7^+7^=0 



(a + Jc)* l (b + kf l (c + k)* ' (d + kf x (e + kf 
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Now suppose 



I v K _ 



CO 



vs 



QL+fioS j3-\-fJLJ3 f 7 + yuV S+/&8' e-f/xe' 



then substituting and eliminating \ we have clearly an equation of the twelfth 
degree in /x ; hence we infer that twelve spheres can be drawn through the circle 
common to the spheres (a/3ySe) (a'/J'y'SY) to touch the cy elide. 

We may deduce from this that through any straight line can be drawn twelve 
tangent planes to the cyclide, or a cyclide is in general of the twelfth class. 

And, again, taking f, rj, £, o>, ns proportional to #+— , y+— , £+— ? w+— , ^+ — 

r Y r 3 r s r 4 r 5 

respectively, we see that twelve spheres can be drawn to touch the cyclide, having 
their centres coincident with the point (xyzwv). Hence twelve normals can be drawn 
to the cyclide from any point. 

287. In §257, equations (279) give the normal at the point {xyzwv) of the 
cyclide 

and we infer that the feet of the normals from the point (xy'z'w'v') lie on the cubic 
surfaces: 

= 0. .... . (309) 



&X 9 


H 


CZ, 


dw, 


ev 


JL>y 


y> 


*, 


to, 


V 


/ 

X , 


y> 


/ 


w\ 


V 


i 


i 


1 


1 


1 


1 V 


'2 




< 


*6 1 



Now, \p=0 being the equation of the absolute referred to any system of spheres, 
<j> v <f} 2 , <^ 3 any three cy elides ; let us form the discriminating quintic of 

then we can so choose the ratios X i fi : v i p that three of the roots of this quintic 
shall be zero ; and thus the equation will represent two spheres. To determine the 

ratios -, -, - we obtain three equations of the fifth, fourth, and third degrees respec- 
tively. Hence through the common points of three cyclides a pair of spheres can be 
drawn in sixty ways. 

Let us suppose now that certain of the feet of the twelve normals from the point 
(xy'z'iv'v) lie on the sphere 

then the rest must lie on another sphere which we may denote by 



ax-{-/3y~\~yZ-\-Bw-{-€V—Q, 
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and then it must be possible so to choose h that the equation 

&(a^ 2 +% 3 +cz 2 +<i^ s +^ . (310) 

shall be identical with any one of the cubic cy elides given by (308). We have at once 
then 

a£ __/??7 v% Sco ear 
a b c d e 

Consequently through the feet of the twelve normals from (x'y'z'w'v') can be drawn two 
spheres, such that (grj&zs) being the coordinates of one of them, - -, -, -, — must be 

£ 7] f CO ■UJ 

proportional to the coordinates of the other. 

Also equation (310) must represent a cubic : hence we must have 

<*> , h , c , d i e — (%j_ v j-Z^a-^M a j_ h _l c _j_ d i e 



^l 3 ^ ^ ^ V W ^2 T S r 4, r J\Z r l V r 2 &3 W1 \ mr J' 

So that if the given surface is a cubic cyelide, one of these spheres on which the 
feet of the normals lie must be of infinite radius. 
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